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Abstract
We present a general prescription for determining the global U(1) symmetries of six-
dimensional superconformal field theories (6D SCFTs). We use the quiver-like gauge theory
description of the tensor branch to identify candidate U(1) symmetries which can act on
generalized matter. The condition that these candidate U(1)’s are free of Adler-Bell-Jackiw
(ABJ) anomalies provides bottom-up constraints for U(1)’s. This agrees with the answer
obtained from symmetry breaking patterns induced by Higgs branch flows. We provide nu-
merous examples illustrating the details of this proposal. In the F-theory realization of these
theories, some of these symmetries originate from deformations of non-abelian flavor sym-
metries localized on a component of the discriminant, while others come from an additional
generator of the Mordell-Weil group. We also provide evidence that some of these global
U(1)’s do not arise from gauge symmetries, as would happen in taking a decoupling limit of
a model coupled to six-dimensional supergravity.
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1 Introduction
There is a striking interplay between stringy extra-dimensional geometric structures and
low energy effective field theories. This is particularly manifest in the context of F-theory
compactifications, where intersecting seven-branes are geometrized into elliptically fibered
Calabi-Yau spaces [1–3]. A prominent example illustrating the power of such methods is
the recent classification of six-dimensional superconformal field theories (6D SCFTs) via F-
theory [4, 5] (see also [6, 7]). This provides a remarkably flexible approach to constructing
6D SCFTs which encompasses essentially all other methods (see [8–21] for a partial list of
older references, references [22–26] for recent holographic examples, and [27] for a review).
With these results in place, it is natural to ask what detailed features of 6D SCFTs
can be extracted from the associated geometries. One piece of information which is readily
available from an F-theory model is the tensor branch of the 6D SCFT moduli space, as
this is encoded directly in terms of Ka¨hler deformations of the base of an F-theory model.
Additionally, some global symmetries correlate with the appearance of non-compact seven-
branes intersecting the localized region inhabited by a 6D SCFT. This, in tandem with field
theoretic techniques, has made it possible to tightly constrain the structure of anomalies in
6D SCFTs [28–33].
Even so, there are a number of outstanding open issues connected with determining
the structure of global symmetries in a 6D SCFT. In what follows we exclusively focus on
the case of continuous zero-form symmetries. While in many cases there is a close match
between the flavor symmetries expected from geometric and field theoretic methods, there
are notable examples where either the F-theory model only captures a subset of possible
flavor symmetries, and conversely, where a “na¨ıve” field theoretic analysis might at first
suggest a bigger flavor symmetry than what can actually be realized. Some examples of
this sort in F-theory [5] and field theory [34, 35] are collected in the review article [27]. For
the most part, these examples concentrate on non-abelian global symmetries since these are
more straightforward to identify both in geometry and field theory.
Though only studied in a few references [36–38], global U(1) symmetries in 6D SCFTs are
no less important. In the context of 6D SCFTs, such symmetries are especially interesting
because, as opposed to non-abelian global symmetries, it is not possible to have a U(1)
gauge symmetry on the tensor branch of a 6D SCFT [20, 31]. In the F-theory literature,
some examples of U(1) symmetries have also been tracked by determining the appearance
of an additional generator of the Mordell-Weil group of the associated elliptic fibration [38].
By taking a suitable decompactification limit in which gravity decouples, this yields a global
U(1) symmetry.
These results also point to several open issues, both in field theory and F-theory. First
of all, it is important to develop a systematic method to deduce the appearance of U(1)
symmetries using purely field theoretic techniques. Second, it is natural to ask whether U(1)
flavor symmetries in an F-theory realization of a 6D SCFT always originate from generators
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of the Mordell-Weil group.
In this paper we present a general prescription for determining U(1) flavor symmetries
in 6D SCFTs. Our starting point is the observation of reference [39] that all 6D SCFTs can
be viewed as either “fission” or “fusion” products obtained from a small list of progenitor
theories. Fission products are obtained by a combination of tensor branch flows accompanied
by Higgs branch deformations. Fusion products are obtained by taking some collection of
fission products and gauging a common flavor symmetry (accompanied by introducing an
additional tensor multiplet). In the language of heterotic M-theory, these progenitor theories
all arise from M5-branes probing an ADE singularity wrapped by an E8 nine-brane. As it
arises so frequently, we shall also view the theory of M5-branes probing an ADE singularity
as another class of progenitor theories.
We find that there are two ways in which a 6D SCFT can inherit a U(1) symmetry from
a progenitor theory. First of all, these symmetries can originate from a non-abelian flavor
symmetry factor in the progenitor. A suitable Higgs branch deformation of such a theory
can produce U(1)’s from the Cartan subalgebra of this symmetry. Second of all, there can
also be U(1) symmetries present in the progenitor theory itself. This turns out to only occur
when the progenitor has an A-type flavor symmetry, and is closely related to the fact that
an A-type finite subgroup of SU(2) has a U(1) ⊂ SU(2) commutant group.
We also find that the resulting U(1) symmetries obtained from this process of fission and
fusion typically involve a linear combination of U(1) flavor symmetries and gauged U(1)’s
coming from the Cartan of a non-abelian gauge group present on the tensor branch of moduli
space. So, while a purely group theoretic analysis of breaking patterns allows us to calculate
the symmetry group, it does not directly tell us much about how this symmetry acts on
the Hilbert space. Indeed, the mixing with gauge symmetries complicates the calculation of
anomaly polynomials based on anomaly matching since the appearance of this U(1) flavor
symmetry is only partially inherited from a U(1) global symmetry of the progenitor theory.
To rectify this issue, we develop a more bottom-up prescription for how to directly read off
the global U(1) symmetries of a given 6D SCFT obtained from the quiver-like gauge theory
arising on its tensor branch. For a set of N hypermultiplets transforming in a complex
representation of a gauge group (or a single hypermultiplet transforming in a pseudo-real
representation) we get a candidate U(1) symmetry. Most of these U(1)’s turn out to suffer
from Adler-Bell-Jackiw (ABJ) anomalies on the tensor branch, and thus do not constitute
genuine global symmetries. Some linear combinations, however, do not suffer from any such
anomalies and are thus valid candidate global symmetries. This prescription also allows us to
fix the U(1) charge assignments for quiver gauge theories with classical gauge groups. This
turns out to be the biggest class of examples where a U(1) global symmetry arises, and we
present a general set of rules for how to read off the global U(1) symmetry in such situations,
as well as in the more general case of quiver-like gauge theories with general gauge algebras
and matter content. These rules agree with the rules for U(1) symmetries obtained from
fission / fusion operations on progenitor theories.
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Our prescription also allows us to address the geometric origin of U(1) global symmetries
in F-theory models decoupled from gravity. Precisely because the U(1) symmetries of a 6D
SCFT are inherited from U(1)’s in a progenitor theory, we see first of all that many candidate
U(1) symmetries are only indirectly associated with the Mordell-Weil group of sections in an
F-theory model. This is best exemplified through the fact that the only progenitor theories
with a U(1) symmetry are those with an A-type global symmetry, and there are examples
of 6D SCFTs (which we discuss) with more than one U(1) global symmetry.
This begs the question as to whether we can determine which U(1)’s do originate from
generators of the Mordell-Weil group. Here we present evidence that in progenitor theories
with a U(1) symmetry, if they arise from M5-branes probing an ADE singularity (namely
those with an A-type non-abelian flavor symmetry), the corresponding U(1) is associated in
F-theory to the appearance of an additional section. We exhibit the form of this additional
section and show that it is in standard “Morrison-Park” form [40]. However, if the progenitor
theories with a U(1) arise from M5-branes probing an A-type singularity which is wrapped
by an E8 nine-brane, we provide evidence that this U(1) is not associated to an additional
section of the fibration. One issue is that all “natural attempts” to find such a section
appear to fail. A second issue is that in the dual heterotic description, this U(1) arises from
an isometry of a non-compact K3 surface which is destroyed by recoupling to gravity.
The rest of this paper is organized as follows. In section 2 we briefly review the structure
of progenitor theories, and the fact that all 6D SCFTs originate from a process of fission
/ fusion from this starting point. In section 3 we turn to a general discussion of U(1)
symmetries obtained from working with the tensor branch of a 6D SCFT. In particular, we
give a general prescription for how to identify candidate U(1) symmetries and extract the
corresponding ’t Hooft anomalies. Section 4 presents a number of examples illustrating our
procedure. In section 5 we use this analysis to track the behavior of U(1) symmetries in a
Higgs branch flow from the UV to the IR. In section 6 we turn to the geometric realization of
U(1) symmetries in the A-type progenitor theories. We present our conclusions in section 7.
In Appendix A we present some additional details on anomalies with U(1) symmetries. In
Appendix B, we discuss how global symmetries can be obtained via group theoretic methods.
In Appendix C, we provide details of the F-theory construction of the 6D SCFT associated
with heterotic E8 small instantons probing an A-type orbifold singularity.
2 Fission, Fusion, and Progenitor Theories
In this section we review how all 6D SCFTs can be obtained from a small set of progenitor
theories [39]. The main idea is that starting from such progenitor theories, we reach the vast
majority of 6D SCFTs by a combination of a tensor branch deformation followed by a Higgs
branch deformation. The few 6D SCFTs which cannot be obtained in this way instead result
from a process of fusion where we add an additional tensor multiplet and weakly gauge a
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common flavor symmetry of fission products. For our present purposes, the main feature is
that in both fission and fusion products, there are a set of symmetries which are directly
inherited from the progenitor theory.
Recall that in the F-theory approach to constructing 6D SCFTs, we start with an el-
liptically fibered Calabi-Yau threefold with a non-compact base. In the base, we seek out
configurations of curves which can all contract to zero size simultaneously at finite distance
in the moduli space of Calabi-Yau metrics. This collapsing procedure results in a 6D SCFT.
The tensor branch of moduli space refers to instead considering Ka¨hler deformations of this
Calabi-Yau in which curves of the base now have finite volume. The Higgs branch of mod-
uli space refers to switching on operator vevs which break the SU(2)R R-symmetry of the
SCFT. Geometrically, these are deformations in the complex structure / intermediate Jaco-
bian of the Calabi-Yau threefold . The results of [4, 5] (see also [41, 42]) provide a general
procedure for constructing all known 6D SCFTs via F-theory compactification (see [27] for
a review). Here, our main interest will be in providing a more uniform characterization of
possible structures which can appear in such theories, in particular flavor symmetries.
To track flavor symmetries in 6D SCFTs, we exploit the recently discovered characteriza-
tion of most 6D SCFTs as obtained from either fission or fusion of a small set of progenitor
theories. In M-theory language, these progenitor theories arise from M5-branes probing a
heterotic nine-brane which is in turn wrapped by an ADE singularity C2/ΓADE, with ΓADE
a finite order subgroup of SU(2). In the F-theory description, these theories have a partial
tensor branch description given by a configuration of curves of the form:
[E8],
gADE
1 ,
gADE
2 , ...,
gADE
2︸ ︷︷ ︸
k
, [GADE], (2.1)
for the F-theory description of k small instantons. Here, the notation
g
n refers to a curve of
self-intersection −n in the base of the elliptic threefold with a singular elliptic fibration over
this curve resulting in a gauge symmetry with algebra g. In stringy terms, this corresponds
to a seven-brane with gauge algebra g wrapped over this curve. There are also pairwise
intersections between the different seven-branes which occur at a single point of normal
crossing in the base. Lastly there are non-abelian flavor symmetries associated with an E8
symmetry on the left, and a flavor symmetry of ADE-type GADE on the right.
Another prominent class of progenitor theories is obtained from M5-branes probing the
singular point of the geometry R⊥ × C2/ΓADE. The resulting theories can be obtained by
moving the stack of M5-branes in the small instanton examples away from the E8 wall. In
the F-theory realization of these theories we simply decompactify the −1 curve in the theory
of (2.1). Doing so, we reach a 6D SCFT with partial tensor branch:
[GADE],
gADE
2 , ...,
gADE
2︸ ︷︷ ︸
k−1
, [GADE], (2.2)
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Starting from the theories of (2.1) and (2.2), we reach the vast majority of 6D SCFTs by
performing a tensor branch deformation followed by a Higgs branch deformation. There is
an algebraic characterization of Higgs branch deformations in terms of group theoretic data
associated with the flavor symmetry factors. In the case of the theories in line (2.2), localized
deformations come from nilpotent orbits of the flavor symmetry algebra. In the case of the
deformations localized near the −1 curve of (2.1), these deformations come from discrete
group homomorphisms Hom(ΓADE, E8) [5, 43]. See Appendix B for additional details on
the interplay between group theory and 6D SCFTs. Let us note that there are additional
Higgs branch deformations which come from more general seven-brane recombination moves
[44]. For our present purposes of viewing all 6D SCFTs as fission and fusion products
this additional class of flows will not play a role. See also references [45–47] for additional
discussion of Higgs branch deformations of theories with eight real supercharges.
The class of 6D SCFTs which can be obtained in this way are referred to as “fission
products.” There are some theories from the classification of reference [5] which cannot be
obtained in this way. They can, however, all be obtained by gauging a common flavor
symmetry of such fission products, and are thus referred to as “fusion products.” Putting
this together, we see that a flavor symmetry of a progenitor theory can be mapped to both
a set of fission products as well as possible fusions thereof.
In principle, there can also be flavor symmetries which are not inherited from a progenitor
theory. In the case of fission products, these can appear due to emergent symmetries deep
in the infrared of an RG flow. In the case of fusion products, the process of consistently
gauging a common flavor symmetry can also require introducing additional matter fields (to
cancel the corresponding gauge anomalies which arise). These additional flavors can in turn
lead to the appearance of additional flavor symmetries. For the most part, however, the
symmetries inherited from progenitor theories cover the vast majority of flavor symmetries
which arise in 6D SCFTs.
2.1 Generic Flavor Symmetries of Progenitor Theories
Let us now turn to the flavor symmetries for the progenitor theories. For the most part,
there is a uniform characterization of the expected flavor symmetries in such theories. As
the rank of the flavor symmetry and / or the number of M5-branes decreases, however, there
can be additional “accidental” enhancements in the flavor symmetry at the fixed point. One
of our tasks will be to develop a systematic prescription for dealing with such situations as
well. Since it will require additional care to treat such outlier cases, we defer a discussion of
these cases to subsequent sections.
Consider first the case of the heterotic E8 small instanton probe theories. First of all,
we have a 10D gauge theory with E8 gauge group and with this, a corresponding E8 flavor
symmetry for the 6D theory. Similarly, from the ADE singularity we get a 7D gauge theory
with GADE gauge group which again leads to a flavor symmetry in the 6D theory. In
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Figure 1: Depiction of fission and fusion for 6D SCFTs. Progenitor theories arise from
M5-brane probes of an ADE singularity C2/ΓADE, and can correspond to cases with an E8
nine-brane (heterotic E8 small instantons) as well as cases without such a nine-brane. In
both sets of progenitor theories, there is a U(1) global symmetry factor for Γ = ZN , N ≥ 3,
whereas there is no abelian symmetry factor for D- and E-type singularities. For Γ = Z2,
the U(1) symmetry enhances to SU(2). Deformations of these progenitor theories lead to
“fission” products. Fission products can also be “fused” by gauging a common non-abelian
global symmetry factors and adding an additional tensor multiplet.
addition to this, we observe that in the absence of the singularity, there is a Spin(4) flavor
symmetry associated with rotations transverse to the probe M5-branes but inside the nine-
brane. Writing:
Spin(4) = SU(2)L × SU(2)R, (2.3)
we embed our finite order ADE subgroup into SU(2)L since this has a natural holomorphic
action on C2. In this case, SU(2)R corresponds to the R-symmetry of the 6D SCFT, a
feature which is manifest in the heterotic construction but not directly visible in the F-theory
geometry. Now, in the case where we have a D- or an E-type finite subgroup of SU(2)L,
the commutant subgroup is trivial, so this is the full set of global symmetries. Additional
structure appears in the A-type series. In the case where we have an A-type subgroup ZN
with N > 2, we preserve a U(1) subgroup, which is an additional flavor symmetry. In the
special case N = 2, even more is true: here we preserve the SO(4) = (SU(2)L×SU(2)R)/Z2
isometries, so there is an additional su(2) flavor symmetry algebra [5, 43]. In the special case
of a single probe M5-brane, additional flavor symmetry enhancements arise. We will revisit
the analysis of flavor symmetries in these special cases in sections 4 and 6.
Turning next to the theories of (2.2), we clearly observe a GL ×GR flavor symmetry. In
the case of an A-type subgroup ZN with N ≥ 2, there is an additional U(1) flavor group
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symmetry, and it is more appropriate to write the flavor symmetry as S(U(N)L×U(N)R). In
the case of an A-type subgroup Z2, we have a similar enhancement in the flavor symmetry,
this time to SU(2)3. In the case of a single M5-brane there are additional “accidental”
enhancements in the flavor symmetries of the system.
To conclude this section, we note that here, we have focused on the appearance of flavor
symmetries which are manifest in the M-theory realization of these systems. The non-
abelian symmetries can also be extracted from the F-theory realization of these 6D SCFTs,
which is particularly important in developing a uniform approach to classifying such theories
[4, 5]. From the top-down perspective, however, the full flavor symmetry is not generically
manifest in the complex structure moduli space of the Calabi-Yau threefolds used to engineer
the theories. In some cases, the full flavor symmetry can only be realized geometrically at
tuned points of the complex structure moduli space. Indeed, the typical expectation is
that these top-down constructions can sometimes “underpredict” possible flavor symmetry
enhancements which occur at the conformal fixed point. This is especially important in the
context of U(1) symmetries since these factors may in fact be generators in the Cartan of a
single simple factor, for example the enhancement S(U(N)×U(N))⊂ SU(2N).1 As a general
rule of thumb, these sorts of accidental enhancements in the flavor symmetry tend to appear
when the number of tensor multiplets on the tensor branch is very low. For example, in the
progenitor theories, this occurs for a single small instanton of heterotic theory next to an A-
type singularity, and occurs for two M5-branes next to an A-type singularity. The procedure
we outline for extracting U(1) symmetries will provide a diagnostic for understanding when
such enhancements occur.2
3 U(1) Symmetries on the Tensor Branch
In this section we turn to an analysis of U(1) symmetries using the tensor branch description
of a 6D SCFT.3 From the general results of [4, 5, 43], we already know that all 6D SCFTs
resemble, on a partial tensor branch, a 6D quiver-like gauge theory, possibly with strongly
coupled “conformal matter” between neighboring gauge group factors. This fact was heavily
used in references [29, 30] (see also [31]) to extract the anomaly polynomial for non-abelian
flavor symmetries in 6D SCFTs. The main idea in this analysis is that when the number
of gauge group factors is equal to the number of tensor multiplets (on the partial tensor
1See [38] for more examples of this phenomenon.
2While we can understand many such enhancements in this way, there exists at least one enhancement
(namely, the Spin(4)→ Spin(5) enhancement of the R-symmetry of (2,0) 6D SCFTs) that lies beyond the
scope of our analysis, and we cannot be sure that a similar enhancement does not occur elsewhere.
3Note that we are interested in determining the flavor symmetries of the SCFT at the fixed point using
the tensor branch description, rather than in determining the flavor symmetries of the tensor branch theory
itself. These two flavor symmetries do not always agree, as in the case of the SCFT whose tensor branch
description consists of su(2) gauge theory with four hypermultiplets, which has a Spin(7) flavor symmetry
at the conformal fixed point that enhances to SO(8) on the tensor branch [35, 48].
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branch), the Green-Schwarz-West-Sagnotti (GSWS) mechanism for canceling gauge theoretic
anomalies [49–51] leads to a unique answer for the flavor symmetry field strengths as well.
The general form of the anomaly polynomial thus obtained then takes the form:
Ifull = I1-loop + IGS, (3.1)
where Ifull denotes a formal eight-form in the flavor symmetry field strengths, R-symmetry
field strength, and background curvature, I1-loop denotes the one-loop contributions from
“generalized matter” and IGS denotes the contribution from Green-Schwarz terms of the
form:
LGS ⊃
∫
6D
µTG B
(T ) ∧ Tr(F (G) ∧ F (G)). (3.2)
where here, the index T runs over the tensor multiplets, and G runs over field strengths
for both gauge and flavor symmetries. The key point is that if we can find a presentation
where the number of gauge groups and tensor multiplets are the same, then there is a unique
way (up to lattice automorphisms [52]) to adjust the µTG coefficients such that we cancel
all gauge anomalies. To date, this sort of analysis has been primarily carried out for non-
abelian symmetries. This includes global flavor symmetries as well as R-symmetries and
diffeomorphisms.
Our main aim in this section will be to understand in general terms the structure of
U(1) abelian symmetries. First of all, there are no U(1) gauge symmetries on the tensor
branch. This can be seen directly in the F-theory realization of such models because these are
always associated with the existence of additional (rational) sections to the elliptic fibration
[3, 53, 54]. This in turn requires the existence of a compact base, so in a limit where
gravity is decoupled, such U(1)’s are also non-dynamical. Additionally, one can also show
from purely field theoretic considerations that no U(1) vector multiplets are available on the
tensor branch [20, 31].
A common way to generate examples of 6D SCFTs with non-abelian flavor symmetries
is to first begin with a theory that has a gauge symmetry on its tensor branch. Taking
a suitable decoupling limit then produces the desired non-abelian flavor symmetry. Such
a procedure is clearly unavailable for abelian symmetries since there are no U(1) gauge
symmetries available to begin with. A related way to proceed is to consider constructing the
6D SCFT as an emergent sector of a 6D supegravity model. This method of analysis was
used in [38] to argue for the existence of U(1) global symmetries coming from the geometry
of an F-theory model. While this is definitely a way to build robust examples of global U(1)
symmetries, there is the additional constraint that we couple to 6D supegravity, which in
turn places an upper bound on the kinds of SCFTs we can realize. For example, the sorts of
singularities which can be supported in a compact elliptic Calabi-Yau are bounded [55–57],
thereby constraining the 6D SCFTs that can be coupled to gravity [58].
Our plan will be to sort out in bottom-up terms possible couplings which could appear in
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our analysis of candidate U(1) symmetries and their anomalies. We can, of course, consider
including additional couplings to the anti-chiral two-forms of a tensor multiplet, which we
can summarize by a general set of couplings such as:
LGS ⊃
∫
6D
µT,S B
(T )
2-form ∧X(S)4-form(Fglobal), (3.3)
where X
(S)
4-form(Fglobal) is a general four-form which depends on the field strengths of the global
and gauge symmetries.
However more is possible with abelian symmetries since the first Chern class need not
vanish for the associated field strengths. In principle, then, we can also entertain “generalized
Green-Schwarz couplings” such as:
LgGS ⊃
∫
6D
κl,a C
(l)
(0-form) ∧X(a)(6-form)(Fglobal) + κ˜l,b C˜(l)(4-form) ∧X(b)(2-form)(Fglobal), (3.4)
with X
(a)
(6-form)(Fglobal) a general six-form built from the global symmetry field strengths, and
X
(b)
(2-form)(Fglobal) a two-form. Here, C
(l)
(0-form) denotes a set of zero-forms and C˜
(l)
(4-form) denotes
their magnetic duals. Note that in both the six-form and two-form X’s, at least one abelian
field strength must participate. In principle, such terms might appear in the study of U(1)
symmetries on the tensor branch.
That being said, such terms never directly impact the structure of anomalies in a 6D
SCFT. To see why, observe that to get a contribution to the anomaly polynomial, we must
necessarily pair up one of the terms coming from the κ-terms with one coming from the
κ˜-terms. Otherwise, we cannot get a contribution to the formal eight-form. However if
there is a coupling to the four-form axion, then the associated U(1) symmetry appearing in
X
(b)
(2-form)(Fglobal) will have already been broken via the Stu¨ckelberg mechanism [59]. Conse-
quently, for a genuine unbroken symmetry, such couplings play no role in our analysis.
As a consequence, we conclude that to study the structure of anomalies with U(1) global
symmetries, it is enough to consider the standard GSWS anomaly cancelation mechanism,
as well as the resulting anomaly polynomial. With this in mind, suppose that we have a
candidate U(1) global symmetry which contributes to the anomaly polynomial. A priori,
there are two sorts of terms which could be present:
FabelianF
′
abelianTr(F
2
gauge) and FabelianTr(F
3
gauge), (3.5)
for some abelian symmetries and gauge symmetries. The first set of terms will in general be
canceled off by the GSWS mechanism. The second set of terms cannot be canceled by the
GSWS mechanism because the couplings of (3.3) cannot produce terms of this form. This
means that such contributions are actually generated by just the one-loop contributions to
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the anomaly polynomial.
Such terms are problematic, because they are of the general Adler-Bell-Jackiw (ABJ)
type, namely they mix a candidate global U(1) symmetry with a gauge symmetry. The
presence of such terms would allow us to convert global U(1) charge to excitations associated
with the gauge symmetry, thus violating current conservation. This would in turn mean that
the candidate U(1) symmetry is not truly a symmetry. We note that this is qualitatively
different from ’t Hooft anomalies involving just global symmetries.
From a bottom-up perspective, there are a number of necessary (but possibly insufficient)
conditions which must be met to have a U(1) symmetry in a 6D SCFT. First of all, we must
identify candidate U(1) symmetries from the full tensor branch description of the theory.
Next, we must provide a candidate set of charges for the matter fields of the tensor branch
theory. This includes weakly coupled matter, but also strongly coupled generalizations such
as 6D conformal matter (as occurs on the partial tensor branch). If a candidate U(1) sym-
metry and the proposed charge assignments for matter generates an ABJ anomaly, then
we must discard this choice of charge assignment, and if no non-trivial assignment is avail-
able, we must discard the candidate U(1) altogether. There are typically several non-trivial
arithmetic constraints which strongly limit the existence of candidate U(1) symmetries.
In practice, we shall often associate a U(1) with each bifundamental hypermultiplet. The
overall U(1) charge of these fields is constrained by ABJ anomaly cancellation, which limits
us to rays of possible charge vectors. The overall normalization of charge assignments can
then be fixed by appealing to the string theory realization of the model, and is also inherited
from charge quantization in a progenitor theory.
As an illustrative example, consider the theory of k M5-branes probing a C2/ZN singu-
larity. In the F-theory realization of this theory, we have k−1 curves of self-intersection −2,
each of which supports an IN fiber. The resulting fiber types are given by:
[IN ],
IN
2 , ...,
IN
2︸ ︷︷ ︸
k−1
, [IN ]. (3.6)
In F-theory, each IN fiber is associated with an su(N) gauge symmetry algebra. One of the
distinctions between type IIB and F-theory is that the overall “center of mass” U(1) present
in a stack of N D7-branes is typically absent because this gauge field couples to an axion.
Something similar is at work in this configuration. Indeed, from our IN fibers, we see k − 1
“candidate” U(1) gauge symmetries, and two candidate U(1) flavor symmetries. Of these,
only one linear combination turns out to be free of ABJ anomalies.
To figure out the anomalies associated with the U(1) symmetries, we first need to fix a
convention for the representations of our hypermultiplets. Throughout this paper, our con-
vention will be dictated by the topology of the associated quiver. Indexing the groups from
i = 0, ..., k from left to right, we have hypermultiplets which transform in the bifundamental
representation (Ni,Ni+1) of neighboring gauge groups running from left to right. Note that
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Figure 2: Depiction of a delocalized U(1) symmetry in the F-theory model of line (3.6).
in this convention, we have an SU(2)R R-symmetry doublet of scalars in the (Ni,Ni+1)
representation, and a fermionic superpartner which also transforms in the (Ni,Ni+1) repre-
sentation. We assign a candidate U(1) to act on each hypermultiplet, which we take to have
charge +1.4 Note that there is a sign convention here; we could equally well have considered
assigning multiplets to the conjugate representation. This would not affect the calculation
of ABJ anomalies because in evaluating the contributions from fermionic loops, we note
that TrNF
3 = −TrNF 3, canceling out the minus sign from the opposite charge under the
candidate U(1).
This example illustrates a few general points. First, most “candidate” U(1) symmetries
will turn out to be plagued by ABJ anomalies and will need to be eliminated anyway.
Additionally, in the context of F-theory, the surviving U(1) is associated with the appearance
of IN fibers. The U(1) is not really localized on any one component of the discriminant locus
but is better thought of as being shared i.e. “delocalized” across multiple components of the
discriminant. See figure 2 for a depiction.
This sort of reasoning suggests an alternative, but entirely equivalent way to proceed
in determining possible U(1) symmetry factors. Starting from the quiver-like gauge theory
description of a 6D SCFT on its partial tensor branch, we can first consider each individ-
ual gauge group factor in isolation by taking a decoupling limit on the tensor branch. In
this limit, we have a set of global symmetries for each such gauge theory. The process of
incoporating additional gauge group factors amounts to weakly gauging a subalgebra of the
flavor symmetries, and introducing an additional tensor multiplet to “pair” with this gauge
4The overall normalization turns out to also be fixed to be +1.
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symmetry. Returning to the example of (3.6), each individual −2 curve defines a 6D SCFT:
[IN ],
IN
2 , [IN ]. (3.7)
This example is well-known to have an su(2N) flavor symmetry, as opposed to the su(N)×
su(N)× u(1) global symmetry expected from the M-theory construction of the model. Ob-
serve, however, that we can gauge the subalgebra su(N)L and thus obtain the quiver:
[IN ],
IN
2 ,
IN
2 , [IN ]. (3.8)
The commutant of su(N)L inside of su(2N) is su(N) × u(1), which provides us with a
candidate U(1) global symmetry.
We summarize these two complementary procedures as:
• Candidate U(1)’s (Method 1): Simply write down all candidate U(1) symmetries as
well as all possible charge assignments for matter fields. The only surviving charge
assignments and U(1) charges are those which are free of ABJ anomalies. The overall
normalization of charge assignments can be fixed by appealing to Higgsing from a
another fixed point and / or by using the associated string construction for U(1)
charge assignments.
• Commutant Symmetries (Method 2): Start with a single node of a quiver-like gauge
theory and weakly gauge the flavor symmetries of this theory. The commutant provides
a set of candidate flavor symmetries, some of which are U(1) symmetries. We must
again ensure that ABJ anomalies cancel to have a genuine flavor symmetry.
The two procedures provide an equivalent way of generating the same information about
U(1) symmetries, since any U(1) obtained from the commutant procedure will necessarily be
a candidate U(1) of the full 6D SCFT, and any candidate U(1) that is free of ABJ anomalies
will show up in the commutant after gauging a subgroup of some flavor symmetry. There
are merits to using either procedure, and in practice it simply depends on the details of
the quiver to determine which method of extracting U(1)’s will be more efficient. In what
follows, we shall often emphasize that we are dealing with a flavor symmetry by writing
it in capital latin text. That being said, we will actually only discuss these symmetries at
the level of algebras, rather than groups. For this reason, we will sometimes write U(N)
interchangeably with SU(N)×U(1), writing U(N) ∼ SU(N)×U(1) to emphasize that even
though the associated groups are strictly speaking distinct, their algebras are isomorphic.
To proceed further, we now discuss in more detail the process of extracting candidate
U(1)’s. In section 4 we present a number of examples illustrating our proposal. For additional
details on anomaly polynomials with global U(1) symmetries, see Appendix A.
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3.1 Candidate U(1)’s
Our first task is to provide a precise notion of “candidate U(1)’s” which could appear in
the tensor branch description of a 6D SCFT. To this end, we first review some additional
elements of how all known 6D SCFTs are constructed. The F-theory approach to realizing
6D SCFTs proceeds in two steps. First, one specifies a choice of base with some collection
of contractible curves, and then one defines an elliptic fibration over a given base. In field
theory terms, the choice of base determines the Dirac pairing for the tensor multiplets. The
elliptic fibration tells us the gauge groups and matter. In general, once the base is specified
the types of available elliptic fibrations are severely restricted.
The main building blocks in 6D SCFTs are curves of self-instersection −2 and the non-
Higgsable clusters (NHCs) of reference [60]. A general base is obtained either from a collec-
tion of −2 curves intersecting according to to the Dynkin diagram of an ADE Lie algebra,
or by taking NHCs and “gluing them” via curves of self-intersection −1. It is also possible
to sometimes append a chain of −2 curves in ADE configuration to a glued configuration of
NHCs.
Consider first the flavor symmetries which come from minimal fiber enhancements. The
global symmetries for the building blocks are rather limited. By definition, the NHCs do not
have a Higgs branch, and their corresponding flavor symmetry is also trivial. The −2 curves
with no singular fibers produce the ADE N = (2, 0) theories, so when viewed as N = (1, 0)
theories we get an su(2)L ⊂ su(2)L × su(2)R ⊂ so(5)R-symm flavor symmetry from the R-
symmetry of the N = (2, 0) theory. When fiber enhancements are present, this symmetry is
typically destroyed but in its place we get additional non-compact flavor symmetry factors,
a point we return to shortly. Lastly, we have the −1 curve theory. This realizes the E-string
theory, namely the theory of a single small instanton in heterotic M-theory. As mentioned in
section 2, this theory comes with an e8×su(2)L flavor symmetry. The former comes from the
E8 nine-brane, and the latter comes from the spin(4) ⊃ su(2)L×su(2)R isometries preserved
by the small instanton in C2 ' R4. Let us note that the more general theory of multiple
small instantons:
[E8], 1, 2, ..., 2 (3.9)
enjoys the same e8 × su(2)L flavor symmetry.
We obtain more intricate 6D SCFTs with minimal singularities in the fiber by gauging
the e8 flavor symmetry of the small instanton theory. This has two immediate consequences.
First of all, by gauging a flavor symmetry, we typically break the su(2)L flavor symmetry.
In heterotic terms, this is because we have replaced the non-compact R4 by a compact space
with smaller isometry group. Second of all, we can sometimes arrange for a U(1) global
symmetry to appear as the commutant in this gauging procedure. To illustrate this point,
suppose we gauge a product subalgebra gL × gR ⊂ e8. In some cases, the commutant H of
gL × gR inside e8 will contain one or more U(1) factors. This occurs in the following cases:
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• gL = e6, gR = su(2), H = U(1),
• gL = so(10), gR = su(2), H = SU(2)× U(1),
• gL = so(7), gR = so(7), H = U(1),
• gL = so(8), gR = su(4), H = U(1).
• gL = so(8), gR = su(3), H = U(1)× U(1),
where in the above, we have deferred the case of g = su(2) gauging.
For theories with minimal singularity types over each curve, this is the primary way
in which flavor symmetries (including U(1) symmetries) can arise. Once we allow further
decorations in the fiber type over each curve obtained on the tensor branch, additional
possibilities emerge. In field theory terms, these additional decorations in the singularity
type mean the gauge group paired with a given tensor multiplet will have higher rank than
the generic NHC situation. This in turn leads to the presence of additional hypermultiplets
transforming in representations of the gauge groups as well as possible flavor symmetries.
In a 6D SCFT on its tensor branch, we can have hypermultiplets which transform in a
representation of a single gauge group, or in a bifundamental representation. In both cases,
the determining factor for the flavor symmetry acting upon the hypermultiplets is the number
of hypermultiplets. The flavor symmetry of a set of N hypermultiplets transforming in some
representation of a gauge group depends on whether that representation is real, pseudo-real,
or complex. In particular:
• N hypermultiplets (equivalently, 2N half-hypermultiplets) in a pseudo-real represen-
tation have an SO(2N) flavor symmetry.
• N hypermultiplets in a complex representation have a U(N) ∼ SU(N) × U(1) flavor
symmetry.
• N hypermultiplets in a real representation have an Sp(N) flavor symmetry (here
Sp(1) ∼ SU(2)).
The same rules apply when the hypermultiplets transform in a bifundamental repre-
sentation. The only issue is whether the tensor product of the two representations
ρ1 ⊗ ρ2 is complex, real, or pseudo-real.5
5Recall that the reality conditions for tensor products of representations ρ1 ⊗ ρ2 for the gauge group
G1 ×G2 for real (R), pseudo-real (P), and complex (C) representations are as follows:
– R ⊗ R = R,
– P ⊗ R = P,
– P ⊗ P = R,
– C ⊗ Any = C.
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Abelian flavor symmetries can arise from the above rules in one of two ways: (1) any
number of complex hypermultiplets will transform under a U(N) ∼ SU(N) × U(1) flavor
symmetry, or (2) a single full hypermultiplet in a pseudo-real representation will transform
under a SO(2) ∼ U(1) flavor symmetry.
In 6D SCFTs, the first of these possibilities arises for the following representations:
• N fundamentals of an su(n ≥ 3) gauge algebra,
• N Λ2s of an su(n ≥ 5) gauge algebra,
• N spinors of an so(10) gauge algebra,
• N fundamentals of an e6 gauge algebra,
• A bifundamental of an su(n ≥ 3)× su(m ≥ 3) gauge algebra,
• A bifundamental of an su(n ≥ 3)× sp(n ≥ 1) gauge algebra,
• A bifundamental of an su(n ≥ 3)× so(m) gauge algebra.
In practice, this last case occurs only for 6D SCFTs in the “frozen” phase of F-theory [41, 42].
The second possibility of an SO(2) ∼ U(1) flavor symmetry arises for the following
representations:
• A fundamental (two half-hypermultiplets in the fundamental) of an sp(n ≥ 1) gauge
algebra,
• A fundamental of an e7 gauge algebra,
• A spinor of an so(11) or so(12) gauge algebra.
More representations, and hence more opportunities for abelian flavor symmetries, arise
in the case of Little String Theories (LSTs) [61].
In the above, we have omitted the case of matter in an su(2) gauge theory since this
case has some additional subtleties. For su(2) gauge theory paired with a tensor of charge
−2, anomaly cancelation considerations imply we have eight half-hypermultiplets in the
fundamental representation. Though this might suggest the matter fields transform in the
vector representation of Spin(8), the F-theory realization of this model admits only a Spin(7)
flavor symmetry at the superconformal fixed point [5], which is in fact confirmed by field
theory considerations as well [35, 48]. So in this case, the matter fields transform as half-
hypermultiplets in the (2, 8) of su(2)× so(7).
This distinction between Spin(7) and Spin(8) is important because it impacts what
symmetries can be gauged, and consequently, the resulting commutant flavor symmetries.
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Consider for example the effects of gauging an su(3) ⊂ so(7) subalgebra. We have the
branching rules: so(7) ⊃ so(6) ⊃ su(3) × u(1), and consequently a commutant of u(1).
This is different from what we would have obtained if we had incorrectly assumed the flavor
symmetry is so(8) ⊃ so(6) × u(1) ⊃ su(3) × u(1) × u(1). Similarly, when we gauge an
su(4) ' so(6) subalgebra of so(7), the commutant does not have any residual u(1)’s.
On a related point, an su(2) gauge algebra paired with a−2 tensor that meets an unpaired
−2 tensor has a G2 global symmetry, under which seven half-hypermultiplets transform as
the 7 of G2. If six of these half-hypermultiplets transform as a bifundamental under an su(3)
gauge algebra, there is no U(1) global symmetry remaining to act on them.
Thus, in the presence of an su(2) gauge algebras paired with a −2 tensor, there is just
one more U(1) possibility to consider:
• A bifundamental of an su(3) gauge algebra and an su(2) gauge algebra, provided the
−2 tensor paired with the su(2) gauge algebra is not adjacent in the 6D SCFT quiver
to an unpaired −2 tensor.
Note that we have not discussed the possibility of a bifundamental of su(2) ' sp(1) and
su(2) ' sp(1). Quivers with these bifundamentals often have additional, delocalized SU(2)
global symmetries. We will study these quivers and work out their global symmetries later
in subsection 4.4.
So far, our discussion has focused on obtaining a set of candidate global U(1)’s. We now
turn to the associated ABJ anomalies coming from such symmetries. The ABJ anomalies
for a hypermultiplet of global U(1) charge q in a representation ρ of a non-abelian gauge
algebra g are given by (see Appendix A)
IABJ ⊃ 1
6
qFU(1) TrρF
3
g , (3.10)
where FU(1) and Fg are the field strengths for the U(1) global symmetry and the gauge
algebra g, respectively, and Trρ is the trace in the representation ρ. To avoid cluttering later
expressions, in what follows we shall often leave the subscript for the choice of representation
for the trace implicit, but will instead indicate it as appropriate.
To get an ABJ anomaly, we must, by necessity, have a gauge algebra which supports
representations with a non-vanishing cubic Casimir. For simple Lie algebras, this only occurs
in the case of g = su(N) for N ≥ 3. Additionally, we know the U(1) charges for our
hypermultiplets. This is because each fundamental of SU(N) for N ≥ 3 carries charge
1 under its associated “candidate U(1).” More generally, however, we may determine the
charges of all hypermultiplets under the ABJ anomaly-free U(1)’s using the Lie algebra
branching rules explained above. Namely, we may decompose the maximal flavor symmetry
associated with a given node of the quiver into a gauged part and a global part, the latter
of which may involve U(1) factors. The branching rules for this decomposition allow us
determine the U(1) charges for each component, up to overall normalization.
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So, in all of these cases we have a set of well-posed constraints, as obtained from equation
(3.10). Consequently, we learn that of our candidate U(1)’s, only the appearance of an su(N)
gauge algebra can impose a non-trivial constraint. These are necessary conditions, and also
appear to be sufficient. The total number of U(1)’s in a 6D SCFT are thus given by:
# U(1)’s = # candidate U(1)’s − # su(N)’s with N ≥ 3, (3.11)
as computed on the full tensor branch of the 6D SCFT.6 Again, the “candidate” U(1)’s are
given by first specifying the number of −1 curve theories as well as the flavor symmetries
which can act upon a set of weakly coupled hypermultiplets, in accord with the discussion
given above. The # su(N)’s are simply all gauge group factors which can introduce a
non-trivial constraint, as per equation (3.10). Moreover, the above procedure based on the
branching of representations fixes the overall U(1) charge assignments for all hypermultiplets
appearing on the tensor branch.
As an instructive example for how these constraints appear, consider the theory of k+ 1
M5-branes probing a C2/ZN orbifold singularity with N ≥ 3. On the tensor branch, we have
a quiver gauge theory given by:
su(N)1
2
[Nf=N ]
su(N)
2 ...
su(N)
2
su(N)k
2
[Nf=N ]
, (3.12)
By the rules above, we expect that each set of N fundamentals will transform in a U(N) ∼
SU(N)×U(1) flavor symmetry, while each bifundamental will transform under a U(1) flavor
symmetry. Altogether, this gives 1 + 1 + k − 1 = k + 1 candidate U(1) flavor symmetries.
See figure 3 for a depiction of the quiver, including the candidate U(1) charge assignments.
However, some candidate symmetries will suffer from ABJ anomalies:
IABJ ⊃ 1
6
k∑
i=1
k∑
J=0
qi,JFJ TrfundF
3
i . (3.13)
Here, the summation is over the gauge group factors indexed by i = 1, ..., k and the candidate
U(1) symmetries indexed by J = 0, ..., k. Each qi,J denotes the contribution to the anomaly
from summing over all hypermultiplets charged under the ith gauge group su(N)i and the
Jth candidate symmetry U(1)J . In the present example where we have hypermultiplets
in bifundamental representations of neighboring gauge groups of the quiver, qi,J = −N if
J = i − 1, qi,J = +N if J = i and qi,J = 0 otherwise. Observe that the sum over just the
6This number is correctly reproduced in the AdS7 gravity duals [22] of “holographic” SCFTs with only
su(Ni) algebras on their tensor branch (with variable Ni), and a large number of such gauge algebras. (Note
that, because of the presence of D8-branes in the Type IIA construction, these SCFTs are not engineered by
M5-brane probes, but do admit a dual F-theory engineering [43].) The number of ABJ anomaly-free global
U(1)’s in field theory matches the number of massless abelian gauge bosons in the supergravity reduction
on AdS7 [62].
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Figure 3: Depiction of the local quiver gauge theory associated with the tensor branch of the
6D SCFT described by line (3.12). We have also indicated the appearance of the candidate
U(1) global symmetries which act on bifundamental hypermultiplets.
J index immediately tells that the linear combination of U(1)’s
∑k
J=0 qi,JFJ suffers from an
ABJ anomaly for i = 1, ..., k. Thus, in total, k U(1)’s will be anomalous, and only one of
the k + 1 candidate U(1)’s is free of ABJ anomalies.
So far, we have left all of the U(1) charges generic, denoted as qi. For fundamentals of
SU(N ≥ 3), these charges qi are readily determined: any fundamental of SU(N) carries
charge 1 under its associated “candidate U(1).” More generally, however, we may determine
the charges of all hypermultiplets under the ABJ anomaly-free U(1)’s using Lie algebra
branching rules. Namely, we may decompose the maximal flavor symmetry associated with
a given node of the quiver into a gauged part and a global part, the latter of which may
involve U(1) factors. The branching rules for this decomposition allow us determine the
U(1) charges for each component, up to overall normalization.
This overall normalization cannot be fixed by ABJ anomaly cancellation, but it can
be determined from a top-down perspective: in the string theory construction of A-type
progenitor theories, bifundamentals are associated with strings between neighboring stacks
of D6-branes, which carry charge 1 under the U(1) global symmetry of the theory (as we
will see in more detail in the following section). In a more general theory, one may either
appeal to a similar string construction to normalize charges, or alternatively, one can track
the U(1) charges from the Higgsing of a progenitor theory.
Thus, we have two methods for determining the U(1) charges of hypermultiplets in a
quiver, which were also stated below (3.8). We reproduce them here for the ease of the
reader:
• Candidate U(1)’s (Method 1): Simply write down all candidate U(1) symmetries as
well as all possible charge assignments for matter fields. The only surviving charge
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assignments and U(1) charges are those which are free of ABJ anomalies. The overall
normalization of charge assignments can be fixed by appealing to Higgsing from a
another fixed point and / or by using the associated string construction for U(1)
charge assignments. See the analysis of the theory in (4.9) below for an example.
• Commutant Symmetries (Method 2): Start with a single node of a quiver-like gauge
theory and weakly gauge the flavor symmetries of this theory. The commutant provides
a set of candidate flavor symmetries, some of which are U(1) symmetries. We must
again ensure that ABJ anomalies cancel to have a genuine flavor symmetry. See the
analysis of the theory in (4.33) below for an example.
In some cases, the first of these methods is easier to implement, while in other cases
the second method is preferable. In what follows, we will see instances of each, and we will
demonstrate the equivalence of these two methods in an illustrative example in the theory
of line (4.24).
4 Examples
In the previous section we provided a general procedure for determining the U(1) global
symmetries of a 6D SCFT. This amounts to listing all U(1)’s which can act on our “matter
fields” (including E-string theories), including the associated U(1) charges, as dictated by the
branching of the flavor symmetry after gauging a subalgebra. After this, we can determine
which U(1)’s are compatible with the constraints of ABJ anomaly cancelation. Our plan in
this section will be to explain how these rules work in practice by presenting some illustrative
examples. In addition to determining the global U(1) symmetries, we also work out the
associated anomaly polynomials for global symmetries in these theories. These examples are
not meant to be exhaustive, but rather to exhibit the different possible phenomena which
can occur. As a point of terminology, we shall often refer to the candidate U(1) associated
with a bifundamental between two gauge groups as a “baryonic U(1).”
In what follows, we shall make use of some earlier results on the structure of global
symmetries obtained in references [5] and [37]. In the context of heterotic E8 small instan-
ton probes of an ADE singularity, there is a tight correspondence between Higgs branch
deformations and discrete group homomorphisms Hom(ΓADE, E8). Given a homomorphism
ρ ∈ Hom(ΓADE, E8), the commutant of the image [Im(ρ), E8] determines a flavor symmetry.
In the context of M5-brane probes of ADE singularities, there is a close correspondence
between certain Higgs branch deformations of the field theory and nilpotent orbits of the
flavor symmetry algebra. We collect some of the necessary information about the resulting
global symmetries in Appendix B, to which we refer the interested reader for additional
details.
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Representation Fund Adj S2 Λ2 Λ3
cρ 1 0 N + 4 N − 4 12(N2 − 9N + 18)
Table 1: Group theory factors for cubic Casimirs of SU(N) with N ≥ 3. Here, “Fund” refers
to the fundamental representation, “Adj” to the adjoint representation, S2 to the two-index
symmetric representation, and Λ2 and Λ3 to the two-index anti-symmetric and three-index
anti-symmetric representations. The parameter cρ is defined by TrρF
3 := cρ TrfundF
3. The
value of cρ in a complex conjugate representation ρ is related as cρ = −cρ.
The rest of this section is organized as follows. We begin by analyzing the progenitor
theories with an A-type flavor symmetry. Indeed, we have already argued using M-theory
and heterotic M-theory realizations of these theories that they must possess a U(1) global
symmetry. Here, we directly establish this using our proposal for reading off U(1) symmetries
via the tensor branch description. The defining feature of these examples is the appearance
of su(N) gauge algebras with complex representations. We then turn to more elaborate
examples with su(N) gauge algebras, following this with the special case of theories with
primarily su(2) gauge algebras. With this in place, we next analyze theories which do not
have hypermultiplets in a complex representation of su(N), as will occur in theories with 6D
conformal matter and in the D- and E-type progenitor theories. Finally, we also consider
theories involving frozen phases of F-theory featuring adjacent SO-SU gauge groups.
4.1 A-type Progenitor Theories
We now turn to the A-type progenitor theories. Recall that the tensor branch description
for this class of theories is of one of two types:
[SU(N)]
su(N)
2
su(N)
2 ...
su(N)
2︸ ︷︷ ︸
k
[SU(N)], (4.1)
[E8]
su(N)
1
su(N)
2 ...
su(N)
2︸ ︷︷ ︸
k
[SU(N)]. (4.2)
In M-theory terms, the theories of (4.1) describe the partial tensor branch of M5-branes
probing a C2/ZN singularity and the theories of (4.2) describe the partial tensor branch
of M5-branes probing a heterotic E8 nine-brane wrapping the singularity C2/ZN . In this
subsection we shall assume N ≥ 3 since there are some additional subtleties which arise in
the special case N = 2.
A pleasant feature of the M-theory realization of these SCFTs is that the U(1) symmetry
is directly visible as an isometry of the geometry probed by the M5-branes. Here, we would
like to see how this comes about by directly analyzing the partial tensor branch of the theory.
Since the analysis is somewhat simpler in the case of M5-branes probing an A-type
singularity, we start with the theories of line (4.1), and then turn to the theories of line (4.2).
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As a warmup, consider first the theory of three M5-branes probing a C2/ZN singularity, with
N ≥ 3:
[SU(N)L]
su(N)1
2
su(N)2
2 [SU(N)R], N ≥ 3. (4.3)
This theory has three candidate U(1) global symmetries: one associated with the NL hy-
permultiplets charged under su(N)1, one associated with the NR hypermultiplets charged
under su(N)2, and one baryonic U(1) associated with the bifundamental hypermultiplet
(N,N) of su(N)1 × su(N)2. We denote these three U(1)’s as U(1)L, U(1)R, and U(1)B, re-
spectively. We then assign the bifundamental hypermultiplets (N,N) of SU(N)L − su(N)1,
su(N)1− su(N)2, and su(N)1−SU(N)R charges qL, qR, and qB under their respective U(1)
symmetries. As we have already mentioned in our discussion of the theory in line (3.12),
we can, without loss of generality, set qL = qR = qB = 1. Thus, the total ABJ anomaly
involving gauge symmetries can be written as
ItotABJ =
N
6
(
−FU(1)L Tr(F 3su(N)1)+FU(1)B Tr(F 3su(N)1)−FU(1)B Tr(F 3su(N)2)+FU(1)R Tr(F 3su(N)2)
)
,
(4.4)
where TrF 3 := TrfundF
3, in accordance with Table 1. We see that two linear combinations
of U(1)’s have ABJ anomalies, one for each gauge algebra su(N)1 and su(N)2:
su(N)1 : − FU(1)L + FU(1)B
su(N)2 : − FU(1)B + FU(1)R .
(4.5)
Thus, there is one surviving U(1), whose generator can be written as:
Tsurvive ∝ tL + tB + tR. (4.6)
The matter content of the theory, which transforms under SU(N)L × su(N)1 × su(N)2 ×
SU(N)R × U(1), is given by
(N,N,1,1)1 ⊕ (1,N,N,1)1 ⊕ (1,1,N,N)1. (4.7)
More generally, for a theory of k + 1 M5-branes probing a C2/ZN singularity, the tensor
branch of this theory is given by:
[SU(N)L]
su(N)1
2 ...
su(N)k
2 [SU(N)R], N ≥ 3, (4.8)
and the global symmetry is SU(N)L × SU(N)R × U(1). Here, each bifundamental (N,N)
has charge 1. The global symmetry is as expected from the M-theory construction.
Let us turn to the other class of A-type progenitor theories, which involve k M5-branes
probing an E8 wall and a C2/ZN singularity. Again, we shall assume N ≥ 3. These theories
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take the form
[E8] 1
su(1)
2
su(2)
2 · · ·
su(N)1
2
[Nf=1]
· · ·
su(N)k
2 [SU(N)]. (4.9)
In terms of the 6D SCFT / group theory correspondence reviewed in Appendix B, these are
associated with the trivial homomorphism from ZN into E8.
Let us consider candidate U(1) symmetries as associated with the bifundamentals be-
tween the different su factors. To aid in this analysis, we split up our indexing of the gauge
algebras into those which are on the “ramp” of gauge algebra factors with increasing rank
and those which are on the “plateau” of gauge algebra factors which all have the same rank.
Starting at the very left of the ramp, we consider the bifundamentals attached to the
su(2) gauge algebra. Observe that since we have fixed the location of two of the eight half
hypermultiplets (in the collision with the su(1) factor), the only global symmetry available
is su(3), all of which is gauged. We conclude that none of these hypermultiplets can actually
be charged under a candidate U(1).
Turning next to the gauge algebras su(i) of the ramp with i > 2, we see that the bi-
fundamental (i, i + 1) of su(i)− su(i+ 1) has an associated baryonic U(1) global symmetry.
Similarly, the bifundamental (N− 1,N) between su(N − 1) and su(N)1, as well as the bi-
fundamentals (Nj,Nj+1) of su(N)j and su(N)j+1 all have candidate U(1)’s. Hence, there
are (N − 3) candidate U(1)’s from the ramp, and k − 1 candidate U(1)’s from the plateau,
for a total of k + N − 4 U(1)’s associated with bifundamentals between gauge algebras. In
addition, there is a U(1)M associated with the “middle” anti-fundamental N of su(N)1, and
another U(1)R associated with the U(N)R ∼ SU(N)R × U(1)R flavor symmetry acting on
the N fundamentals of su(N)k. This gives a total of N + k − 2 candidate U(1)’s.
By a similar analysis as equation (4.38), we know that the su(2)−su(3) bifundamental is
not charged under a baryonic U(1) symmetry. Therefore, as we will show below, there is only
one U(1) surviving in the above theory. More surprisingly, the “ramp” is not charged under
the U(1) symmetry at all: only the plateau is charged under this U(1). We will demonstrate
this using the method of candidate U(1)’s (method 1).
Let us now turn to the total ABJ anomaly of this theory (see Appendix A). We have
already mentioned our indexing convention for the gauge algebras, as implicit in being on
the ramp or the plateau. To label the U(1)’s we shall reference them as U(1)i,i+1 to indicate
that it acts on the bifundamental between su(i) and su(i + 1) on the ramp, and similarly
U(1)Ni,Ni+1 that it acts on the bifundamental between su(Ni) and su(Ni+1). We indicate the
two additional U(1)’s by U(1)M and U(1)R. The total ABJ anomaly of this theory is then
conveniently organized according to contributions from gauge groups on the ramp and those
on the plateau (see also Appendix A):
IABJ = Iramp + Iplateau. (4.10)
Here, there are contributions from gauge groups on the ramp, as indicated by Iramp, as
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well as contributions from gauge groups on the plateau, as indicated by Iplateau. For the
contributions on the ramp, the candidate U(1)’s which appear all act on bifundamentals
between gauge algebras. For the contributions on the plateau, the candidate U(1)’s include
those which act on bifundamentals between gauge algebras, as well as U(1)M and U(1)R.
Reading from left to right across the quiver, the contributions to each term are:
Iramp =
1
6
(
4FU(1)3,4 Tr(F
3
su(3))
)
+ (4.11)
+
1
6
N−1∑
j=4
[−(j − 1)FU(1)j−1,j Tr(F 3su(j)) + (j + 1)FU(1)j,j+1 Tr(F 3su(j))] , (4.12)
Iplateau =
1
6
(
−FU(1)MTr(F 3su(N)1)− (N − 1)FU(1)N−1,N1 Tr(F 3su(N)1) +NFU(1)N1,N2 Tr(F 3su(N)1)
)
+
(4.13)
+
1
6
k−1∑
i=2
[
−NFU(1)Ni−1,Ni Tr(F 3su(N)i) +NFU(1)Ni,Ni+1 Tr(F 3su(N)i)
]
+ (4.14)
+
1
6
(
−NFU(1)Nk−1,Nk Tr(F 3su(N)k) +NFU(1)R Tr(F 3su(N)k)
)
. (4.15)
Of course, the contribution from the plateau is is absent when k = 0. As before, each gauge
field strength in this expression removes one linear combination of U(1)’s from the theory.
Thus, the U(1) counting rules gives exactly one ABJ anomaly-free U(1) symmetry.
We now determine the charge of each hypermultiplet under this U(1). To begin, as
noted above, the bifundamental of su(2) and su(3) cannot carry any U(1) charge, since
su(3)⊕ u(1) is not a subalgebra of g2. To satisfy ABJ anomaly constraints, this means that
the bifundamental of su(3) and su(4) must carry charge q3,4 = 0. This constraint propagates
to the rest of the ramp via the ABJ anomaly constraint equations:
Fsu(3) : 4q3,4 = 0
Fsu(j) : − (j − 1)qj−1,j + (j + 1)qj,j+1 = 0 (4 ≤ j ≤ N − 1)
Fsu(N)1 : − (N − 1)qN−1,N − qM +NqN1,N2 = 0
Fsu(N)j : −NqNj−1,Nj +NqNj ,Nj+1 = 0 (2 ≤ j ≤ k − 1)
Fsu(N)k : −NqNk−1,Nk +NqR = 0 .
(4.16)
Solving these equations gives
qi,i+1 = 0 (3 ≤ i ≤ N − 1), qM = N, qR = +1, qNj ,Nj+1 = 1 (1 ≤ j ≤ k − 1). (4.17)
We see that, indeed, the entire ramp is uncharged under the U(1) global symmetry, and only
the matter charged under the plateau of su(N) gauge algebras carries U(1) charge.
The above analysis depends on the assumption that k > 1. For k = 1, the theory has
a ramp, but no plateau. Let us take the example of N = 5 and compare the k = 2 theory
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with the k = 1 theory:
[E8] 1
su(1)
2
su(2)
2
su(3)
2
su(4)
2
su(5)1
2
[Nf=1]
su(5)2
2 [SU(5)]
[E8] 1
su(1)
2
su(2)
2
su(3)
2
su(4)
2
su(5)
2 [SU(6)].
(4.18)
The theory with k = 2 falls in the category that we have already analyzed above, for which
have a single U(1). The second theory with k = 1, however, experiences an accidental
flavor symmetry enhancement, SU(5)×U(1)→ SU(6), leaving us without an abelian flavor
symmetry. Such symmetry enhancement occurs frequently when dealing with “short SCFT
quivers,” which are characterized by the absence of a plateau of gauge algebras [37, 39, 44].
4.2 Quivers with su(N) Matter with N ≥ 3
In this subsection we present a broader class of examples in which the gauge groups on the
tensor branch are again su(N) gauge algebras, with hypermultiplets in complex representa-
tions, which we refer to as “su(N) matter.” We defer the discussion of the su(2) case to a
later subsection.
To begin, we consider the theory of a single −1 tensor multiplet paired with an su(N)
gauge algebra:
su(N)
1
[NΛ2=1]
[SU(N + 8)], N ≥ 5. (4.19)
The N = 5 version of this theory was considered in detail from both the field theory and
F-theory perspectives in [38]. The theory has N + 8 fundamentals and one anti-symmetric
hypermultiplet charged under su(N). The former transform under an SU(N + 8) flavor
symmetry. Since both the fundamental and the anti-symmetric representations are complex
for N ≥ 5, each of them gives a candidate U(1) global symmetry. We denote these U(1)’s
as U(1)F and U(1)Λ2 , respectively.
Let us use the candidate U(1) method (method 1) to determine the U(1) charges. The
fundamentals of su(N) carry charge qF under U(1)F , whereas the anti-symmetric carries
charge qΛ2 under U(1)Λ2 . We take both charges to be +1, and determine, up to normalization,
the linear combinations free of ABJ anomalies. The overall normalization can also be fixed
by the lattice of charges obtained from a progenitor theory. The theory has an ABJ anomaly
of the form:
IABJ =
1
6
(
(N + 8)FU(1)F Trfund(F
3
su(N)) + 1FU(1)Λ2 TrΛ2(F
3
su(N))
)
. (4.20)
Using Table 1, we note that we may write TrΛ2F
3
su(N) = (N − 4) TrfundF 3su(N). Thus, we see
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that the linear combination
(N + 8)FU(1)F + (N − 4)FU(1)Λ2 (4.21)
suffers from an ABJ anomaly, and it is not a good global symmetry of the theory. One U(1)
remains a valid symmetry of the theory, and it is generated by the linear combination
Tsurvive ∝ (N − 4)tF − (N + 8)tΛ2 . (4.22)
The full global symmetry of the theory is therefore SU(N+8)×U(1), and the matter content
under su(N)× SU(N + 8)× U(1) is given by:
(N,N+8)(N−4) ⊕ ((N(N-1)/2,1)−(N+8). (4.23)
Note that this analysis applies only for N ≥ 5. For N = 4, the anti-symmetric is real
rather than complex, and the flavor symmetry enhances to SU(12) × Sp(1). For N = 3,
the anti-symmetric is simply an anti-fundamental, so we get another hypermultiplet in the
fundamental and the flavor symmetry enhances to SU(12) = SU(N + 9). For N = 2, the
anti-symmetric representation is trivial, whereas the fundamental representation is pseudo-
real, and the flavor symmetry is given by SO(20).
4.2.1 Comparison of U(1) Identification Methods
Up to this point, we have presented some examples which illustrate the merits of the two
methods for determining two U(1)’s. We now present an illustrative example which shows
how the two arrive at the same answer. With this in mind, consider the theory
su(3)
2
[Nf=2]
su(4)1
2
[Nf=1]
su(4)2
2
[Nf=4]
. (4.24)
Our plan will be to first analyze candidate U(1) symmetries by listing all possible global
symmetries which could act on matter fields (method 1). We will then compare this to
the U(1) symmetries obtained by treating each quiver node in isolation, and computing the
branching rules associated with weakly gauging some of the flavor symmetries of each node.
We begin with method 1, listing all possible global symmetries which could act on matter
fields. By inspection, there is a U(2)L ∼ SU(2)L × U(1)L flavor symmetry rotating the two
fundamentals of su(3), a U(4)R ∼ SU(4)R×U(1)R rotating the four fundamentals of su(4)2,
a U(1)M acting on the fundamental of su(4)1, and two baryonic U(1)’s, which we denote
U(1)B,L and U(1)B,R acting on the bifundamentals.
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The theory has ABJ anomalies of the form:
IABJ =
1
6
(
− 2FU(1)L Tr(F 3su(3)) + 4FU(1)B,L Tr(F 3su(3))− 3FU(1)B,L Tr(F 3su(4)1)− FU(1)M Tr(F 3su(4)1)
+4FU(1)B,R Tr(F
3
su(4)1
)− 4FU(1)B,R Tr(F 3su(4)2) + 4FU(1)R Tr(F 3su(4)2)
)
.
(4.25)
Let us denote a basis of the candidate U(1) space as (FU(1)L , FU(1)B,L , FU(1)M , FU(1)B,R , FU(1)R).
The three gauge groups each have an ABJ anomaly, which are associated with the following
linear combinations of U(1)’s:
su(3) : (−2, 4, 0, 0, 0)
su(4)1 : (0,−3,−1, 4, 0)
su(4)2 : (0, 0, 0,−4, 4)
(4.26)
The subspace of ABJ anomaly-free U(1)’s is the two-dimensional null space of these three
vectors,7 and is spanned by:
Ta ∝ (2, 1, 1, 1, 1)
Tb ∝ (2, 1,−3, 0, 0)
(4.27)
Next, we analyze the abelian symmetries of the same theory of line (4.24) using branching
rules of symmetries (method 2). Each −2 tensor carrying an su(4) gauge algebra has an
associated flavor symmetry SU(8), under which 8 fundamentals of su(4) transform. For
su(4)1, this SU(8) is broken according to:
SU(8) ⊃ SU(4)× U(1)× SU(4)→ (SU(3)× U(1))× U(1)× SU(4)
8→ (4,1)−1 + (1,4)1 → (1,3)(0,−1) + (3,1)(1,1) + (1,1)(−3,1).
(4.28)
Here, the SU(3) factor is identified with the su(3) gauge symmetry, while the SU(4) factor
is identified with the su(4)2 gauge symmetry.
Consider next the flavor symmetries associated with the su(4)2 gauge algebra. In isolation
from the other parts of the quiver, there is again a SU(8) flavor symmetry. Weakly gauging
appropriate subalgebras leads to the branching rules:
SU(8) ⊃ SU(4)× U(1)× SU(4)
8→ (4,1)1 + (1,4)−1
(4.29)
Note that the first SU(4) here is identified with the su(4)1 gauge symmetry, so a state of
charge +1 under the U(1) of line (4.29) will correspond to a state of charge (0, 1) under the
U(1)× U(1) symmetries appearing in line (4.28).
7That is to say, we consider the space of vectors which are orthogonal to these three vectors inside our
five-dimensional space.
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Finally, there are the global symmetries associated with the su(3) gauge algebra on a −2
curve. In isolation, this theory has an SU(6) global symmetry. We weakly gauge an su(4)1
subalgebra to reach the theory of line (4.24). The branching rules are:
SU(6) ⊃ SU(2)× U(1)× SU(4)
6→ (1,4)−1 + (2,1)2.
(4.30)
The SU(4) factor here is identified with the su(4)1 gauge symmetry, so the U(1) charge −1
here is identified with the U(1) charge vector (0,−1) in line (4.28). Thus, the full matter
content under the (SU(2), su(3), su(4)L, su(4)R, SU(4))(U(1)a,U(1)b) symmetry is given by
(2,3,1,1,1)(2,2) ⊕ (1,3,4,1,1)(1,1) ⊕ (1,1,4,1,1)(1,−3)
⊕(1,1,4,4,1)(1,0) ⊕ (1,1,1,4,4)(1,0)
(4.31)
Note that we have added an additional minus sign relative to the charges in the branchings
(4.28)-(4.30) whenever taking the complex conjugate.
Let us compare this result to that obtained using method 1 above. There, each of these
five multiplets carries charge 1 under a different candidate U(1) and charge 0 under the
other four candidate U(1)’s. However, projecting the charge vectors onto the basis vectors
in (4.27), which span the ABJ anomaly-free subspace of candidate U(1)’s, we find precisely
the charges in (4.31), demonstrating agreement between the two methods.
Having worked out the full matter content of the theory, we may use the prescription of
Appendix A to compute the full anomaly polynomial of this theory, including the U(1) field
strengths Fa, Fb corresponding to U(1)a, U(1)b, respectively:
I8 =
395
12
c2(R)
2 − 35
48
c2(R)p1(T ) +
181
5760
p1(T )
2 − 103
1440
p2(T ) + c2(R)
(
− 21
16
( TrF 2SU(2))
− 23
16
( TrF 2SU(4))−
169
2
F 2a − 63FaFb −
153
2
F 2b
)
+
5
128
( TrF 2SU(2))
2 +
3
128
( TrF 2SU(4))
2
+
1
6
( TrF 4SU(4)) +
1
64
( TrF 2SU(2))( TrF
2
SU(4))−
2
3
Fa TrFSU(4)3 + TrF
2
SU(2)
(27
8
F 2a +
21
4
FaFb
+
27
8
F 2b
)
+ TrF 2SU(4)
(17
8
F 2a +
3
4
FaFb +
9
8
F 2b
)
+ p1(T )
( 1
32
( TrF 2SU(2)) +
1
24
( TrF 2SU(4)) +
3
2
F 2a + FaFb +
3
2
F 2b
)
+
119
2
F 4a + 106F
3
aFb + 189F
2
aF
2
b + 90FaF
3
b +
135
2
F 4b .
(4.32)
4.3 Examples with su(2) Gauge Symmetry
As we have already mentioned, the appearance of su(2) gauge algebras complicates the
analysis because the flavor symmetry of the associated SCFT is slightly smaller than what
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might appear possible from a “naive” analysis of the tensor branch description. To illustrate,
consider the theory
su(2)
2
[Nf=1]
su(3)
2 [SU(4)]. (4.33)
The hypermultiplet of su(2) is pseudo-real, so it transforms under SO(2) ∼ U(1)L. The
four fundamentals of su(3) transform under U(4)R ∼ SU(4)× U(1)R. One might have also
expected a baryonic U(1)B under which the bifundamental of su(2) and su(3) transforms.
However, we recall that eight half-hypermultiplets in the fundamental representation of su(2)
transform as a spinor of Spin(7), rather than the na¨ıvely expected vector of SO(8). Since
Spin(7) decomposes as Spin(7) ⊃ SU(3)×U(1), it gives only a single U(1), rather than the
pair of U(1)’s which would have been expected from the decomposition SO(8) ⊃ SU(3) ×
U(1)2. As a result, the SO(2) ∼ U(1)L and the U(1)B are condensed into a single U(1),
which in conjunction with U(1)R gives two candidate U(1) flavor symmetries. However, the
su(3) gauge symmetry introduces an ABJ anomaly, which removes one linear combination
of U(1)’s and ultimately leaves a global symmetry of SU(4)× U(1).
The U(1) charges of the various matter multiplets can be determined by the branching
rule method. The 8 of Spin(7) decomposes under SU(3)× U(1) according to
8→ 31 ⊕ 3¯−1 ⊕ 1−3 ⊕ 13. (4.34)
The 6 of SU(6) decomposes under SU(4)× SU(2)× U(1) according to
6→ (4,1)−2 ⊕ (1,2)4. (4.35)
Putting these together, we find that the full matter content of the theory under su(2) ×
su(3)× SU(4)× U(1) is:
(2,3,1)2 ⊕ (2,1,1)−6 ⊕ (1,3,4)1. (4.36)
Note that with these charge assignments, the U(1) is indeed free of any ABJ anomaly
associated with the su(3) gauge algebra.
Given the full matter content of the theory, we may again use the prescription of Appendix
A to compute the full anomaly polynomial of this theory, including the U(1) field strength,
which we denote by F :
I8 =
143
24
c2(R)
2 − 3
16
c2(R)p1(T ) +
109
5760
p1(T )
2 − 67
1440
p2(T ) + c2(R)
(
− 72F 2 − 2
3
TrF 2SU(4)
)
+
1
8
TrF 4SU(4) +
1
48
( TrF 2SU(4))
2 − 1
2
F TrF 3SU(4) +
27
8
F 2 TrF 2SU(4) +
729
2
F 4
+ p1(T )
(9
4
F 2 +
1
32
TrF 2SU(4)
)
.
(4.37)
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More generally, by a similar analysis, the theory
su(2)
2
[Nf=1]
su(3)
2
[Nf=1]
...
su(3)
2
[Nf=3]
(4.38)
will have a global symmetry of SU(3) × U(1)2, in agreement with our general prescription
for U(1) counting. The U(1) charges of the hypermultiplets in the theory may similarly be
determined using the branching rules of SO(7) and SU(6).
Let us next consider the theory of line (4.33), but with an unpaired −2 tensor added to
the left of the quiver:
2
su(2)
2
su(3)
2 [SU(4)]. (4.39)
where on the unpaired tensor there is formally an su(1) gauge algebra,
su(1)
2 , meaning that
there is an hypermultiplet in the fundamental of su(2) of the neighbor −2 curve. In what
follows, every time an unpaired tensor is coupled this will be implied. Once again, there is
a U(1)R from coming from the four fundamentals of su(3), which transform under U(4) ∼
SU(4) × U(1)R. However, this is the only U(1) that shows up: the unpaired −2 tensor
effectively reduces the flavor symmetry of the eight half-hypermultiplets in the fundamental
representation of su(2) to G2, which decomposes as G2 → SU(3): there is no U(1) factor
under which the half-hypermultiplets in the fundamental of su(2) (or the bifundamental
of su(2) × su(3)) transform. Thus, there is only a single candidate U(1), namely U(1)R.
However, this U(1) is removed by the su(3) ABJ anomaly, leaving only an SU(4) global
symmetry remaining.
More generally, by a similar analysis, the theory
2
su(2)
2
su(3)
2
[Nf=1]
...
su(3)
2
[Nf=3]
(4.40)
will have a global symmetry of SU(3)× U(1).
This theory also arises from Higgsing of the A-type progenitor theory obtained from M5-
branes probing a C2/Z3 singularity. In that case, we label the resulting theory by nilpotent
orbits of su(3)L and su(3)R. These are associated with associated partitions µL = [3],
µR = [1
3], which have commutants HL = ∅, HR = SU(3). We thus expect a global symmetry
of SU(3)× U(1), which indeed matches our field theory analysis.
As another example, consider the theory
su(2)
2
su(4)
2
[Nf=6]
. (4.41)
There is a U(1)R coming from the six fundamentals of su(4), which transform under U(6) ∼
SU(6)× U(1)R. However, this is the only U(1) that shows up: the flavor symmetry SO(7)
30
of the leftmost −2 tensor is gauged by su(4) ' so(6), but U(1) × SU(4) is not a subgroup
of SO(7). As a result, there is no U(1) factor under which bifundamental of su(2) × su(4)
transforms. Thus, there is only a single candidate U(1), namely U(1)R, and this U(1) is
removed by the su(4) ABJ anomaly, leaving only an SU(6) global symmetry remaining.
More generally, by a similar analysis, the theory
su(2)
2
su(4)
2
[Nf=2]
su(4)
2 ...
su(4)
2
[Nf=4]
. (4.42)
will have a global symmetry of SU(4)× SU(2)× U(1). This theory corresponds to a Higgs
branch flow obtained from the A-type progenitor theory of M5-branes probing the singularity
C2/Z4. Higgsing of the flavor symmetries on the left and right is characterized by nilpotent
orbits of su(4)L and su(4)R associated with partitions µL = [2
2], µR = [1
4], which have
commutants HL = SU(2), HR = SU(4). From our discussion in Appendix B, line (B.10), we
expect a global symmetry of SU(4)× SU(2)× U(1), which indeed matches our field theory
analysis.
Next, consider the theory
[SO(14)]
sp(1)
1
su(3)
2 [SU(4)]. (4.43)
This theory shows up as (part of) a quiver in section 5.3 of [63]. There is a U(1)R coming from
the four fundamentals of su(3), which transform under U(4) ∼ SU(4)×U(1)R. There is also
a U(1)B associated with the bifundamental of sp(1) and su(3): the flavor symmetry SO(20)
of sp(1) associated with the −1 tensor decomposes into SO(14) × SO(6), and this SO(6)
further decomposes into SU(3)×U(1)B. The SU(3) factor is gauged, but the U(1)B remains.
Similarly, the U(6) flavor symmetry of the six fundamentals of su(3) decomposes into U(4)×
U(2), which further decompose as U(4) ∼ SU(4)×U(1)R and U(2) ∼ SU(2)×U(1)B. This
SU(2) ' Sp(1) is then gauged. As a result, we have two candidate U(1)’s: U(1)B and
U(1)R, but the ABJ anomaly associated with su(3) eliminates one linear combination of
them. Therefore, in the final analysis, the flavor symmetry is SO(14)× SU(4)× U(1).
4.4 Examples with only su(2) Gauge Symmetries
Having discussed in great detail situations where we have hypermultiplets in complex rep-
resentations of su(N) we now turn to some cases where the gauge algebra consists solely of
su(2) on the tensor branch. These cases are interesting because our methods predict that
there are no U(1) symmetries in such situations. Additionally, we can use our approach to
also extract the non-abelian symmetries from these cases.
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As a first example, we begin with the theory
su(2)1
2
[Nf=2]
su(2)2
2
[Nf=2]
. (4.44)
There is a bifundamental (21,22) of the two su(2) algebras, and there are two additional
fundamentals for each of these algebras. The fact that the eight half-hypermultiplets in the
fundamental representation of a given su(2) gauge algebra transform as a spinor of SO(7)
is crucial for determining the global symmetry of this theory: namely, SO(7) decomposes as
SO(7)→ SU(2)3, and the spinor obeys the branching rule
8→ (2,2,1)⊕ (2,1,2). (4.45)
In the theory at hand, one of the SU(2)’s is gauged by the other −2 tensor. As a result, the
full matter content of the theory is given by
1
2
(21,22,1L,2B,1R)⊕ 1
2
(21,12,2L,2B,1R)⊕ 1
2
(11,22,1L,2B,2R). (4.46)
Here, the subscripts 1 and 2 represent the gauge algebras su(2)1 and su(2)2, respectively,
while the subscripts L, B, R represent SU(2) global symmetries associated with the two
fundamentals of su(2)1, the bifundamental, and the two fundamentals of su(2)2, respectively.
We see that the theory has an SU(2)3 global symmetry.
According to the matter content and its charge under the global symmetry factors, we are
able to compute the full anomaly polynomial including the global symmetry field strengths,
denoted as FSU(2)L , FSU(2)R and FSU(2)B :
I8 =
23
6
c2(R)
2 − 1
12
c2(R)p1(T ) +
11
720
p1(T )
2 − 2
45
p2(T ) + c2(R)
(
− 2 TrF 2SU(2)B −
1
2
TrF 2SU(2)L
− 1
2
TrF 2SU(2)R
)
+
9
32
( TrF 2SU(2)B)
2 +
1
32
( TrF 2SU(2)L)
2 +
1
32
( TrF 2SU(2)R)
2
+ p1(T )
( 1
48
TrF 2SU(2)L +
1
48
TrF 2SU(2)R +
1
16
TrF 2SU(2)B
)
+
3
16
TrF 2SU(2)B TrF
2
SU(2)L
+
3
16
TrF 2SU(2)B TrF
2
SU(2)R
+
1
48
TrF 2SU(2)L TrF
2
SU(2)R
(4.47)
Next, let us consider the theory of (4.44), but with an unpaired −2 tensor added to the
left-hand side. Now we have
2
su(2)1
2
[Nf=1]
su(2)2
2
[Nf=2]
. (4.48)
In this case, the global symmetry associated with the middle −2 tensor is G2, which
decomposes as G2 → SU(2)2. The 7 of G2 obeys the branching rule
7→ (2,2)⊕ (1,3). (4.49)
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The first SU(2) factor here is gauged by the su(2)2 gauge algebra. As a result, the full
matter content of the theory is given by
1
2
(21,22,2B,1R)⊕ 1
2
(21,12,3B,1R)⊕ 1
2
(21,12,1B,1R)⊕ 1
2
(11,22,2B,2R). (4.50)
We see that relative to the previous example, the unpaired−2 tensor has effectively combined
the SU(2)L symmetry and the SU(2)B symmetry, resulting in a total global symmetry of
SU(2)2. This is quite similar to what happened in the example in (4.39) above: the addition
of the unpaired −2 tensor in that case combined two U(1) global symmetries into one.
What happens if we add an unpaired tensor to the other side of the quiver as well? We
then have
2
su(2)1
2
[Nf=1]
su(2)2
2
[Nf=1]
2. (4.51)
Now, using the G2 branching rule for both gauge algebras, we find a total matter content of
1
2
(21,22,2B)⊕ 1
2
(21,12,3B)⊕ 1
2
(21,12,1B)⊕ 1
2
(11,22,3B)⊕ 1
2
(11,22,1B). (4.52)
Now, the unpaired −2 tensor on the right-hand side has combined the SU(2)R symmetry
and the SU(2)B symmetry. The theory has only an SU(2) global symmetry.
More generally, a theory of the form
su(2)1
2
[Nf=2]
su(2)2
2 ...
su(2)k
2
[Nf=2]
(4.53)
has an SU(2)3 global symmetry provided k ≥ 2 (for k = 1 it has an SO(7) global symmetry).
The reason why we find only SU(2)3 rather than SU(2)k+3 is due to the branching rule (4.45).
Concentrating on eight half-hypermultiplets charged under the the ith gauge symmetry factor
su(2)i, we find a decomposition
1
2
(2i,8)→ 1
2
(2i,2B,2i−1,1)⊕ (2i,2B,1,2i+1). (4.54)
Crucially, the bifundamental (2i−1,2i) and the bifundamental (2i,2i+1) transform under
the same SU(2)B baryonic symmetry. This propagates down the entire quiver, so there is
only one baryonic SU(2)B in addition to the SU(2)L and SU(2)R symmetries, rather than
the k + 1 baryonic symmetries we would have found if the flavor symmetry of the eight
half-hypermultiplets of each su(2)i were SO(8) rather than Spin(7). Note that for k = 2,
this theory actually shows up in the 6D SCFT-group theory correspondence discussed in
Appendix B as the E7 nilpotent orbit of Bala-Carter label A2 + 2A1 (see Appendix A.2 of
[37]), and its global symmetry is indeed SU(2)3.
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By a similar analysis, a theory of the form
2
su(2)1
2
[Nf=1]
su(2)2
2 ...
su(2)k
2
[Nf=1]
(4.55)
has an SU(2)2 global symmetry provided k ≥ 2 (for k = 1 it has a G2 global symmetry).
For k = 2, 3, this theory shows up in the 6D SCFT-group theory correspondence with the E8
nilpotent orbits of Bala-Carter labels D5(a1) +A1 and A4 +A2, respectively (see Appendix
A.3 of [37]). For k = 4, the theory shows up in the correspondence with Hom(SL(2, 5), E8)
(see Appendix B.5 of [64]). In all three of these cases, its global symmetry is indeed SU(2).
Additionally,
2
su(2)1
2
[Nf=1]
su(2)2
2 ...
su(2)k
2
[Nf=2]
2 (4.56)
has an SU(2) global symmetry provided k ≥ 2 (for k = 1 it has an SU(3) global symmetry).
For k = 2, this theory shows up in the 6D SCFT-group theory correspondence with the E8
nilpotent orbit of Bala-Carter label A4 +A2 +A1 (see Appendix A.3 of [37]), and its global
symmetry is indeed SU(2).
We can also consider D-type quivers, such as the theory:
2
2
su(2)1
2
su(2)2
2 ...
su(2)k
2
[Nf=2]
(4.57)
Now, since the tensor carrying su(2)1 meets two unpaired −2 tensors, its flavor symmetry
is reduced to SU(3), of which SU(2) is gauged by su(2)2. However, since su(2) ⊕ su(2)
is not a subalgebra of su(3), there is no additional SU(2)B global symmetry acting on the
hypermultiplets charged under su(2)1. Thus, the full global symmetry of the theory is simply
SU(2)R, coming from the two fundamental hypermultiplets of su(2)k, in contrast with the
SU(2)2 we saw in (4.55).8 For k = 2, the full matter content is given by
(21,22,1R)⊕ 2(21,12,1R)⊕ (11,22,2R). (4.58)
For k = 3, it is given by
(21,22,13,1R)⊕ 2(21,12,13,1R)⊕ (11,22,23,1R)⊕ (11,12,23,2R). (4.59)
8One might have thought that the symmetry would be SU(2)R×U(1)B rather than simply SU(2)R, since
SU(2) × U(1) ⊂ SU(3). However, the branching rule 3 → 21 ⊕ 1−2 for SU(3) → SU(2) × U(1) associated
with the flavor symmetry of su(2)1 is incompatible with the rule 8→ (2,1)1⊕ (2,1)−1⊕ (1,2)1⊕ (1,2)−1 of
Spin(7)→ SU(2)×SU(2)×U(1) for the flavor symmetry of su(2)2, indicating that a U(1) global symmetry
cannot exist.
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By similar reasoning,
2
2
su(2)1
2
su(2)2
2 ...
su(2)k
2
[Nf=1]
2 (4.60)
has no global symmetry at all. For k = 2, the full matter content is given by
(21,22)⊕ 2(21,12)⊕ 2(11,22). (4.61)
4.5 An Example with sp(N) Matter
Finally, let us consider the theory
sp(1)1
1
[Nf=8]
su(2)2
2
[Nf=2]
. (4.62)
The theory has an SO(16)× SU(2)× SU(2) global symmetry, and the matter content is
1
2
(21,12,16,1,2)⊕ 1
2
(21,22,1,2,1)⊕ 1
2
(11,22,1,2,2). (4.63)
More generally, a theory of the form
sp(1)
1
[Nf=8]
su(2)1
2
su(2)2
2 ...
su(2)k
2
[Nf=2]
(4.64)
has an SO(16) × SU(2)2 global symmetry. This theory shows up in the 6D SCFT-group
theory correspondence via the homomorphism Z2 → E8 with Dynkin label 2′, which has a
commutant of SO(16).
Finally, we can consider a similar theory of the form
sp(N)
1
su(2N+8)1
2
[Nf=8]
su(2N+8)2
2 ...
su(2N+8)k
2 [SU(2N + 8)]. (4.65)
Theories of this form are discussed at length in section 5.4 of [63]. There is a U(1)R on
the right coming from the 2N + 8 fundamentals of su(2N + 8)k, which transform under
U(2N + 8) ∼ SU(2N + 8) × U(1)R. There are k − 1 baryonic U(1)’s associated with the
bifundamentals of su(2N + 8)i and su(2N + 8)i+1, and there is another U(1) associated
with the 8 fundamentals of su(2N + 8)1, which transform under U(8) ∼ SU(8) × U(1).
Finally, there is a baryonic U(1) associated with the bifundamental of sp(N) and su(N+8)1:
the flavor symmetry SO(4N + 16) of the −1 tensor decomposes into U(2N + 8), of which
su(2N + 8) is gauged, leaving behind a U(1) flavor symmetry. Thus, in total, there are
k + 2 candidate U(1)’s, k linear combinations of which are eliminated by ABJ anomalies of
su(2N + 8)i, i = 1, ..., k. This leaves two U(1)’s, for a final global symmetry of SU(8) ×
SU(2N + 8)× U(1)2.
A separate analysis is needed for the case N = 0. Now, the −1 tensor is unpaired, and
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there is no bifundamental of sp(N) and su(2N + 8)1, hence no baryonic U(1) associated
with this bifundamental. However, as emphasized in [63], there are two choices for the
embedding of the gauge symmetry su(8)1 into the E8 symmetry of the −1 tensor, which
have commutants SU(8) × SU(2) and SU(8) × U(1), respectively (in field theory terms,
these are distinguished by a choice of discrete θ angle). As a result, the flavor symmetry of
these theories is given by SU(8)2 × SU(2)× U(1) and SU(8)2 × U(1)2, respectively.
4.6 Examples with no su(N) Matter with N ≥ 3
Let us now consider examples of U(1) global symmetries that do not involve hypermultiplets
of su(N) gauge symmetries with N ≥ 3. These examples are simpler in that they do not
involve any ABJ anomalies. We first consider theories with classical SO and Sp gauge
algebras, and then turn to examples with more general exceptional gauge algebras.
As a first example without su(N) matter, consider an alternating so-sp quiver of the
form:
...
so(nL)
4
sp(n)
1
[Nf=2n+8−(nL+nR)/2]
so(nR)
4 .... (4.66)
The sp(n) gauge algebra here requires 2n + 8 − (nL + nR)/2 fundamental hypermultiplets
to cancel gauge anomalies. The fundamental representation of sp(n) is pseudo-real, so we
should really think of 4n+ 16−nL−nR half-hypermultiplets transforming under an so(4n+
16− nL− nR) global symmetry. This does not generically produce a U(1) global symmetry,
but for 4n + 16 − nL − nR = 2, we get an so(2) ' u(1) global symmetry algebra. Thus,
a single fundamental hypermultiplet of sp(n) is associated with a U(1) global symmetry at
the superconformal fixed point.
Next, consider a quiver of the form
...
e6
n
[Nf=6−n]
... (4.67)
Here, n represents a curve of self-intersection −n, with 1 ≤ n ≤ 6. This theory has 6 − n
fundamental hypermultiplets charged under the e6 gauge algebra, which transform under a
U(n) ∼ SU(n)× U(1) global symmetry.
Similarly, for
...
e7
n
[Nf=(8−n)/2]
... (4.68)
the theory has 8−n half-hypermultiplets transforming in the fundamental representation of
the e7 gauge algebra, which also transform under a SO(8− n) global symmetry. For n = 6,
we get an SO(2) ∼ U(1) global symmetry.
Another class of global U(1)’s arise when the E8 global symmetry of a curve of self-
intersection −1 is partially gauged, and a U(1) factor is left over. Given a 6D SCFT quiver
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of the form
...
gL
m 1
gR
n ... (4.69)
we must have gL × gR ⊂ e8, which is interpreted as weakly gauging part of the E8 global
symmetry. The commutant subgroup of E8 left ungauged is a global symmetry of the theory
at the conformal fixed point.
One example of a U(1) global symmetry of this type occurs when gL = e6, gR = su(2):
...
e6
6 1
[U(1)]
su(2)
2 ... (4.70)
This follows from e6 × su(2) × u(1) ⊂ e6 × su(3) ⊂ e8. One could also have a quiver of the
form
su(4)
2 1
[U(1)]
so(8)
4 ... (4.71)
Here, so(8) × su(4) × u(1) ' so(8) × so(6) × so(2) ⊂ e8, so we indeed get a U(1) global
symmetry associated with this gauging.
Finally, we note that one can construct theories with multiple U(1)’s by combining the
above examples into a single theory. For instance, one could consider a theory of the form
e6
5
[U(1)]
1
[U(1)]
su(2)
2
so(7)
3
su(2)
2 1
e7
6
[U(1)]
(4.72)
This theory has three U(1)’s: one associated with the e6 gauge algebra on the −5 curve (as
in line (4.67)), one associated with the e7 gauge algebra on the −5 curve (as in line (4.68)),
and one associated with the U(1) left ungauged on the leftmost −1 curve (as in line (4.70)).
4.7 Frozen SCFT Examples
Let us now turn to some examples which arise from the frozen phase of F-theory [41, 42, 61,
65]. Recall that these SCFTs still arise from an elliptically fibered Calabi-Yau threefold, but
in which the physical interpretation of singular elliptic fibers is different from that which is
assigned in the geometric phase of F-theory.
In frozen SCFTs, we may see bifundamentals of so and su gauge algebras, which introduce
candidate U(1) global symmetries. We illustrate below with a pair of examples.
To begin, consider the theory with so(20)⊕ su(10) gauge algebra and Dirac pairing
Ω =
( −4 2
2 −2
)
. (4.73)
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The matter content of this theory is
2(20,1)⊕ (20,10). (4.74)
The two fundamentals of so(20) transform under an Sp(2) global symmetry. There is also a
baryonic U(1) global symmetry associated with the bifundamental of so(20) and su(10). This
follows from the fact that the full Sp(12) symmetry associated with 12 fundamentals of so(20)
decomposes as Sp(10)×Sp(2), the former which further branches to U(10) ∼ SU(10)×U(1).
This SU(10) is gauged, leaving behind a U(1) baryonic symmetry. However, there is also an
ABJ anomaly associated with the su(10) gauge symmetry:
IABJ ⊃ −10
3
FU(1) Tr(F
3
su(10)) (4.75)
As a result, the U(1) is removed from the spectrum, leaving just an Sp(2) global symmetry.
Next, we consider the theory with so(20)⊕ su(12) gauge algebra and Dirac pairing
Ω =
( −4 2
2 −2
)
. (4.76)
The matter content of this theory is
4(1,12)⊕ (20,12). (4.77)
Here, the four fundamentals of su(12) transform under a U(4)R ∼ SU(4)R × U(1)R global
symmetry. There is also a baryonic U(1) global symmetry associated with the bifundamental
of so(20) and su(12), as above. However, there is also an ABJ anomaly associated with the
su(12) gauge symmetry:
IABJ
1
6
(
− 20FU(1)B Tr(F 3su(12)) + 4FU(1)R Tr(F 3su(12))
)
. (4.78)
As a result, the linear combination −20FU(1)B + 4FU(1)R is removed from the spectrum,
leaving an SU(4)× U(1) global symmetry.
5 U(1)’s and RG Flows
In previous sections, we presented a general prescription for how to read off the U(1) global
symmetries of a 6D SCFT from data associated with its tensor branch description. We
have, in particular, explained how to read off these symmetries for the A-type progenitor
theories and implicitly argued that no other progenitor theories possess such symmetries.
Additionally, we have directly extracted the U(1) global symmetries and their associated
anomalies in a number of examples.
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As we have already mentioned, one reason to focus on the symmetries of the progenitor
theories is that all known 6D SCFTs arise from a combination of fission and fusion moves
from this single uniform starting point. This in turn motivates a more general question
concerning the fate of various U(1) symmetries under deformations from one UV fixed point
to another fixed point in the IR.
As shown in references [66–68], supersymmetric deformations of 6D SCFTs arise from
vevs of operators, either coming from tensor branch deformations or Higgs branch defor-
mations. The structure of such RG flows has been analyzed, for example, in references
[30, 31, 37, 39, 69].
Tensor branch deformations are somewhat simpler in that they preserve the global sym-
metries of the UV theory. However, such a flow often introduces new, emergent global
symmetries to the IR SCFT, which result from ungauging a symmetry of the (tensor branch
description of the) UV theory. Additional global symmetry enhancements may also occur,
as discussed above for progenitor theories with a small number of M5-branes.
For Higgs branch flows, we expect that giving vevs to hypermultiplets or their strongly
coupled analogs (namely 6D conformal matter) will generically break both global and gauge
symmetries of the quiver-like gauge theory obtained from the partial tensor branch of a 6D
SCFT. A non-trivial consequence of this observation is that a global symmetry of an IR
fixed point (obtained after a Higgs branch deformation) could in fact originate from a linear
combination of gauge and global symmetries in the tensor branch description of the UV
parent theory.
To illustrate, consider a 6D SCFT with partial tensor branch containing a product gauge
group G1 ×G2 with terms in the Lagrangian description on the tensor branch:
Lpartial tensor ⊃ φ(1)TrF(1) ∧ ∗F(1) + φ(2)TrF(2) ∧ ∗F(2), (5.1)
with φi the vevs for the tensor multiplet scalars. Suppose we now consider a breaking patter
for our matter (be it hypermultiplets or conformal matter) which only retains a diagonal
symmetry Gdiag ⊂ G1 ×G2. The resulting kinetic term for the gauge fields is:
Lpartial tensor ⊃ (φ(1) + φ(2))TrFdiag ∧ ∗Fdiag. (5.2)
Of course, if we consider the limit where one of the φ(i)’s becomes infinite, we effectively
convert one of the gauge symmetries into a flavor symmetry. This in turn means that the
diagonal symmetry will also become a global symmetry. From the perspective of a 6D SCFT,
the origin of the diagonal symmetry may therefore seem “mysterious” seeing as it originates
from degrees of freedom which are most apparent on the tensor branch. That being said,
the above considerations make it quite clear where these symmetries originate from. In
particular, they also show that a na¨ıve application of ’t Hooft anomaly matching between
the UV and the IR is simply inappropriate because the original global symmetries of a 6D
SCFT may in fact be broken by a given Higgs branch deformation.
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To illustrate this phenomenon, we examine the Higgs branch flow between the following
theories, working on the tensor branch of each theory:
su(6)
1
[Nf=14, NΛ2=1]
→
su(5)
1
[Nf=13, NΛ2=1]
. (5.3)
The UV theory, consisting of su(6) on a −1 curve, has the following matter content under
su(6)× SU(14)× U(1):
(6,14)1 + (15,1)−7. (5.4)
The −7 charge is necessary for ABJ anomaly cancelation, using the fact (from Table 1) that
cρ = 2 for the Λ
2 representation of su(6). The anomaly polynomial of the UV theory is
IUV =
199c2(R)
2
12
− 3
2
c2(R) TrF
2
SU(14) − 630c2(R)F 2 −
53c2(R)p1(T )
24
+ 27F 2 TrF 2SU(14)
− F TrF 3SU(14) +
1
8
p1(T ) TrF
2
SU(14) +
1
4
TrF 4SU(14) +
1
32
( TrF 2SU(14))
2 +
56133F 4
8
+
693F 2p1(T )
16
+
217p1(T )
2
1920
− 31p2(T )
480
. (5.5)
The su(6) × SU(14) × U(1) symmetry is broken to su(5) × SU(12) × U(1)2 by giving
vevs to the scalars in two different hypermultiplets in the fundamental of su(6). Indeed,
this follows because the triplet of D-term constraints for the su(6) gauge symmetry cannot
be satisfied by giving a vev to a single hypermultiplet (see e.g. [60, 70]). Denoting the
associated hypermultiplets in the fundamental of su(6)×SU(14) as Qi⊕ Q˜†i for i = 1, ..., 14,
we give a vev to Q1 and Q˜
†
2. This breaks the non-abelian flavor symmetry to SU(12).
In addition, the anti-symmetric tensor 15 decomposes under su(6) → su(5) × u(1) as
follows:
15→ 102 + 5−4. (5.6)
So, in total, the matter in (5.4) decomposes as
(6,14)1 → (5,12)(1,1,1) + (1,12)(−5,1,1) + 2(5,1)(1,−6,1) + 2(1,1)(−5,−6,1)
(15,1)−7 → (10,1)(2,0,−7) + (5,1)(−4,0,−7), (5.7)
where the three U(1) charges correspond respectively to the charges under the su(6) Cartan
Hsu(6) = diag(−5, 1, 1, 1, 1, 1), the SU(14) Cartan HSU(14) = diag(−6,−6, 1, 1, ..., 1, 1), and
the UV U(1) generator HUV, respectively. One of the three U(1)’s suffers from an ABJ
anomaly, which leaves a su(5) × SU(12) × U(1)2 symmetry manifest. In the IR, however,
the fundamental from the anti-symmetric tensor combines with the 12 fundamentals from
the breaking of the su(6)× SU(14) bifundamental, and the flavor symmetry enhances from
SU(12)× U(1)2 to SU(13)× U(1).
From ABJ anomaly cancelation in the IR, we know that the matter of the IR theory
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transforms under su(5)× SU(13)× U(1) as
(5,13)1 + (10,1)−13. (5.8)
The anomaly polynomial of this theory is
IIR =
277c2(R)
2
24
− 1300c2(R)F 2 − 5
4
c2(R) TrF
2
SU(13) −
83c2(R)p1(T )
48
+
365625F 4
8
+
1625F 2p1(T )
16
+
525
8
F 2 TrF 2SU(13) +
11
96
p1(T ) TrF
2
SU(13) +
5
24
TrF 4SU(13)
− 5
6
F TrF 3SU(13) +
1
32
( TrF 2SU(13))
2 +
7p1(T )
2
72
− p2(T )
18
. (5.9)
The mismatch in gravitational anomalies is given by
∆I := IUV − IIR = 91p1(T )
2
5760
− 13p2(T )
1440
+ ..., (5.10)
which implies that there are 13 additional, free hypermultiplets arising in the IR of the
RG flow. Part of the goal of our analysis is to determine the U(1) charges of these free
hypermultiplets. Before we can do this, however, we must first address our main question of
interest: writing the IR U(1) as a linear combination of U(1)’s in the UV.
To determine the coefficients of the appropriate linear combination aHsu(6) + bHSU(14) +
cHUV, we impose the following constraints:
1) The correct linear combination must not be broken by Higgsing. From the specified vevs
for Q1 and Q˜2 above, each of which carry charge 1 under HUV, this gives
− 5a− 6b+ c = 0. (5.11)
2) The correct linear combination must assign charge 1 to the bifundamental of su(5) ×
SU(13). Concentrating on a fundamental of su(5) that originates in the fundamental of
su(6)× SU(13), this gives
a+ b+ c = 1. (5.12)
3) Additionally, the correct linear combination must assign charge 1 to the fundamental
of su(5) that originates in the anti-symmetric tensor of su(6). This fundamental is not
charged under SU(14), but from line (5.7) it carries charge −4 under Hsu(6), and charge
−7 under HUV. Thus,
− 4a− 7c = 1. (5.13)
4) Finally, the correct linear combination must assign charge −13 to the anti-symmetric
tensor of su(5). This comes from the anti-symmetric tensor of su(6), and from (5.7) it
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carries charge 2 under Hsu(6), and charge −7 under HUV. Thus
2a− 7c = −13. (5.14)
Equations (5.11)-(5.14) represent four equations for three unknowns, but is not over-constrained.
Indeed, there is a non-trivial solution:
a = −7
3
, b =
15
7
, c =
25
21
. (5.15)
The appearance of rational numbers (rather than integers) is inconsequential. What is im-
portant is that all physical states have properly quantized charges. Indeed, the denominators
have been chosen so that the U(1) charge of the bifundamental (5,12) is normalized to 1.
The fact that a 6= 0 here is of great importance: it shows that the IR U(1) is a linear
combination of not only global symmetries, but also gauge symmetries in the UV. This is a
perfectly sensible statement on the tensor branch, where the su(6) and su(5) gauge theories
are weakly coupled, but it is not clear how one is supposed to interpret this U(1) at the
SCFT fixed point. Furthermore, since the UV U(1) symmetry does not match the IR U(1)
symmetry, there is no U(1) symmetry preserved along the flow, so U(1) anomalies cannot
be matched between the two theories in any straightforward manner.
Let us now return to the 13 free hypermultiplets in the IR of the RG flow. Goldstone
bosons associated with the two (5,1)(1,−6,1) hypermultiplets as well as one of the (1,1)−5,−6,1
hypermultiplets are eaten due to the Higgsing of su(6)→ su(5). From (5.7), we see that the
13 remaining free hypermultiplets correspond to
(1,12)(−5,1,1) + (1,1)(−5,−6,1) → (1,12)15 + (1,1)0, (5.16)
where on the right-hand side, we have plugged in the UV charges to the linear combination
of (5.15). We see that the IR matter consists of a fundamental of SU(12) of charge 15 and
an uncharged singlet. Comparing (5.5) and (5.9), one sees that the fundamental of SU(12) is
actually necessary to match the TrF 4SU(12) anomalies between the UV and the IR, which must
agree because the SU(12) symmetry is preserved along the flow. Note, however, that these
13 free hypermultiplets do not carry the same U(1) charge, so unlike the 13 hypermultiplets
of su(5), they do not assemble into an enlarged SU(13) flavor symmetry. This is not a
problem for anomaly matching because, as we have seen, the full SU(13) flavor symmetry is
not preserved along the flow, but appears only at the UV and IR fixed points.
6 Geometry of Global U(1)’s in F-theory
In this section we turn to the geometric origin of U(1) global symmetries in F-theory real-
izations of 6D SCFTs. For previous work on global U(1)’s in F-theory in the context of 6D
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SCFTs see [38].9 Rather than analyzing the corresponding Weierstrass model for each of the
examples presented in the previous sections, we shall instead analyze the origin of abelian
symmetries in the progenitor theories. Indeed, since the progenitor theories are a common
starting point for all 6D SCFTs, it is at some level enough to understand the geometric
origin of U(1) symmetries in these theories and then track their behavior under fission and
fusion moves.
Recall that the two general classes of progenitor theories are given by a quiver-like partial
tensor branch:
[GADE]
gADE
2
gADE
2 ...
gADE
2︸ ︷︷ ︸
k
[GADE], (6.1)
[E8]
gADE
1
gADE
2 ...
gADE
2︸ ︷︷ ︸
k
[GADE]. (6.2)
The theories of (6.2) arise from M5-branes probing a heterotic nine-brane wrapping an ADE
singularity [18, 43]. The theories of (6.1) arise from M5-branes probing an ADE singularity.
Note that the theories of (6.1) can be viewed as the result of a tensor branch deformation of
the theories of (6.2).
In the F-theory realization of these 6D SCFTs, we specify a non-compact base B with
contractible configurations of curves, and then supplement this by a suitable elliptic fibration
so that the total space is a non-compact Calabi-Yau threefold. In the theories of (6.1), we
work with a singular base C2/Zk and a pair of seven-branes with GADE flavor seven-branes
which intersect transversely over the orbifold fixed point. In the theories of (6.2), we instead
work with a base C2 and a transverse collision of a non-compact E8 seven-brane with a
GADE seven-brane.
10 This is accompanied by a k-fold intersection of an I1 locus of the
discriminant. For the explicit presentations of the associated Weierstrass models in these
cases, see for example [18, 43, 71], as well as the review article of reference [27]. In each
of these cases with a non-abelian flavor symmetry, we can see a potential origin for a U(1)
global symmetry in a fission or fusion product, simply by performing a suitable smoothing
deformation of the singular Calabi-Yau geometry. In this sense, these cases provide a uniform
perspective on many candidate U(1) symmetries for 6D SCFTs.
There can also be additional U(1) symmetries which originate from the Mordell-Weil
group of the elliptic fibration. Indeed, in models with a compact base, namely those in
which the 6D theory is coupled to gravity, there is a well-defined procedure for extracting
9In the examples of [38], the F-theory base is compact, and gravity is decoupled in a second step by
taking a suitable decoupling limit. On the contrary, in our examples below we work with non-compact, local
bases from the start.
10Heterotic small instantons on C2 have a tensor branch 1, 2, ..., 2. It is well-known that the F-theory
realization of the corresponding 6D SCFT does not generically exhibit an E8 flavor symmetry or the ad-
ditional SU(2)L flavor symmetry which are both manifest in the heterotic description. These symmetries
are typically viewed as “emergent” at the fixed point. The E8 flavor symmetry can be made manifest by a
suitable tuning of complex structure moduli.
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candidate U(1) gauge symmetries. One way to obtain global U(1) symmetries is to now take
a limit in which the base is non-compact. This decouples gravity and also makes the U(1)
into a global symmetry [38]. As we explain later, however, not all global U(1) symmetries
need to originate from such a procedure, though when available, it is clearly a useful way to
build possible examples.
To construct such examples, we begin with a generic point of the base and ask whether
the corresponding elliptic curve has an additional generator in its Mordell-Weil group (the
group law for a given elliptic curve). This defines an additional marked point on the elliptic
curve, and thus an additional candidate section for the elliptic fibration. As we move to
different points of the base, the fate of this marked point may either persist, or disappear. If
it persists, we have a candidate for an extra section of the elliptic fibration. The appearance
of at least two candidate sections, say σ and σ′ means that we have two distinct divisors σ∗(B)
and σ′∗(B) in the Calabi-Yau threefold. In the M-theory reduction, this additional divisor
provides a candidate U(1) boson, and consequently, there is a close interplay between the
Mordell-Weil group of the family of elliptic curves and U(1) gauge symmetries [3, 53, 54].11
Returning to the case of global U(1)’s, it is natural to ask whether some non-compact rem-
nant of the Mordell-Weil group will persist in these cases as well. In global F-theory models,
abelian gauge symmetries act on charged matter fields, which are localized at codimension-
two singularities of the Calabi-Yau threefold. However, even in compact models some of these
abelian factors may acquire a mass and become non-dynamical via a “geometric Stu¨ckelberg
mechanism.” Those that stay massless (dynamical) are associated to singularities which
admit a small Ka¨hler resolution [75, 76]. This is clearly the case if the Weierstrass model
can be put into conifold form (i.e. ab = cd, with a, b, c, d polynomials in the base and fiber
coordinates) [76], or if it admits a “matrix factorization” of a certain form [92] (see also
[91] for the relevant terminology). We will see that this construction carries over in certain
non-compact F-theory models as well.
We begin by first adopting a convenient parametrization of elliptically fibered Calabi-Yau
threefolds which is particularly amenable to the analysis of possible U(1) symmetries. After
this, we analyze the (infinite class of) examples of (6.1) which in M-theory terms are given
by M5-brane probes of an A-type singularity. We then turn to the theories of (6.2) which
in heterotic terms are given by small E8 instanton probes of an A-type singularity. Finally,
we will focus on cases where the non-abelian global symmetry contains an SU(N) factor for
N ≥ 3 and a sufficient number of collapsing curves in the base geometry. We will comment
on these special cases, as appropriate.
11For an incomplete list of references on U(1) gauge symmetries in F-theory see e.g. [40, 72–92]. See also
the reviews [93, 94] for a more recent account on this vast subject.
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6.1 Geometric Preliminaries
In this subsection, we state some of the geometric preliminaries we will make use of to analyze
the abelian symmetries of the A-type progenitor theories. For our purposes, it will be helpful
to describe the base of the F-theory model in the limit where all the curves participating
in the 6D SCFT have collapsed to zero size. In this case, we obtain the tensor branch by
performing blowups of the base.
For the heterotic small instanton probes of an A-type singularity, the base is given by
C2. For the M5-brane probes of an A-type singularity, the base is given by C2/Zk where the
group action on the local base coordinates is (u, v) 7→ (ωu, ω−1v) with ω = exp(2pii/k).
The local presentation of the elliptic fibration is customarily written in general form as:
y2 = x3 + fxz4 + gz6 (6.3)
where [x : y : z] are weighted homogeneous coordinates of P2[2,3,1]. For the prescribed group
actions (trivial or by Zk), f and g are given by polynomials in the local coordinates (u, v)
as:
f =
∑
i,j
fi,ju
ivj, g =
∑
i,j
gi,ju
ivj. (6.4)
See references [27, 95, 96] for a discussion of Weierstrass models over a base B with more
general orbifold singularities. In the case of the Zk group action, we need to ensure that each
monomial we retain is invariant under the group action. This restricts us to the invariant
terms (uv), uk, vk and products thereof. As standard, the components of the discriminant
locus ∆ = 4f 3 + 27g2 correspond to degeneration loci of the fibration, i.e. matter curves in
the base.
Now, for the purposes of analyzing possible global symmetries of the model, it will be
convenient to parameterize our elliptic fibration as:
y2 = s3 + b2s
2z2 + 2b4sz
4 + b6z
6, (6.5)
where the usual x fiber coordinate and the f, g coefficients in (6.3) are recovered via
f = −1
3
(b22 − 6b4), g =
1
27
(2b32 − 18b2b4 + 27b6), x = s+
1
3
b2z
2. (6.6)
We are interested in models which have an additional generator of the Mordell-Weil
group. In what follows, it will suffice to consider the Morrison-Park (MP) construction [40]
of additional sections. The MP construction requires specific coefficients b2, b4, b6 in order to
engineer an extra section of the elliptic fibration.
In a compact model this section would yield an extra generator of the global Picard group
of divisors of the threefold which would then yield an extra U(1) gauge boson in the effective
theory by the usual logic of reducing the supergravity three-form along the Poincare´ dual of
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the new divisor [3].
In a non-compact model, additional care is needed because Poincare´ duality will not
produce a dynamical vector boson in this case. Note, however, that in any such model which
could be recoupled to gravity, obtaining a local fibration in MP form would be a necessary
condition for this to extend to a global model.12
Our strategy should thus be clear: We will first seek out necessary conditions to have
an additional section in MP form. When this condition is met, we can conceive of the
existence of a compact F-theory model defined on a compact base which has an additional
gauged U(1).13 On the other hand, since our progenitor theories fit into infinite families (as
specified by the number of collapsing curves) the existence of even one globally consistent
model is enough to establish the pattern for all generic members of the family. This will
be the sense in which we show that the progenitor theories of (6.1) do indeed have a global
U(1) symmetry, namely by establishing the existence of an additional section in MP form.
To reach a fibration in MP form, the b2, b4, b6 coefficients are restricted as follows:
bMP2 = c2, b
MP
4 =
1
2
(c1c3 − b2c0), bMP6 = c0c23 − b2c0c2 +
1
4
b2c21, (6.7)
with b, c0, . . . , c3 base polynomials, i.e. sections of line bundles (over the base) of prescribed
degree. Over each point of the base, the extra section generically cuts the fiber at a point
Q ∈ P2[2,3,1] with fiber coordinates
Q : [s : y : z] =
[
c23 − b2c2 : −c33 + b2c2c3 − 12b4c1 : b
]
. (6.8)
The zero section, which always exists, sits at Z : [s : y : z] = [1 : 1 : 0]. The above restrictions
enforce singularities in codimension-two (in the threefold) where the matter charged under
the U(1) symmetry is localized; in the generic MP model there are two such loci, which
intersect each other. (See [40, 97, 98] for details.)
Our plan will be to consider further tunings in the Weierstrass models of the progenitor
theories, and thus obtain the requisite additional section in MP form.
6.2 Warmup: Bifundamentals of SU(M)× SU(N)
Though our primary interest is in the case of interacting SCFTs, we have also seen in section
3 that, to a large extent, the global symmetries of a bifundamental hypermultiplet provide a
helpful guide to the structure of global symmetries in interacting 6D SCFTs. As a warmup
to our general question, we first analyze the behavior of an additional MP section in this
special case. We note that this does not produce an interacting SCFT since we have no
12See sections 1.1 and 1.2 of reference [92] for a discussion on the local vs. global Picard group of divisors.
13Similarly, reference [38] provides necessary conditions (on local bases) which come from anomaly con-
straints as well as constraints ensuring the existence of an extra section.
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collapsing curves in this case. Even so, the geometry still contains most of the relevant
features we will need in the case of interacting SCFTs.
The local geometry for a hypermultiplet in the bifundamental representation of SU(M)×
SU(N) involves the transverse collision of two components of the discriminant with respective
singularity types IM and IN on an F-theory base B = C2 with local coordinates (u, v). We
let u = 0 denote the IM locus and v = 0 denote the IN locus. The corresponding Weierstrass
model can be obtained by taking
b2 = 1 + u
MvN , b4 = u
MvN , b6 = u
MvN , (6.9)
and has discriminant
∆ = uMvN(4− uMvN). (6.10)
This indeed yields the correct orders of vanishing of (f, g,∆) over u = 0 and v = 0. There is
an extra I1 locus which does not carry any gauge algebra and does not intersect any of the
branes with a non-abelian flavor group (hence it is just a spectator).
The above presentation of (6.9) fits into a (non-generic) Morrison-Park model upon
putting
b = vN/2 , c0 = 0 , c1 = 2u
M/2 , c2 = 1 + u
MvN , c3 = u
M/2vN . (6.11)
Note that other choices are possible, e.g. c0 ∝ uM , c1 ∝ uMvN/2, c3 = 0 and the rest
unchanged. The above Ansatz is clearly valid for M and N even. In fact, away from the
locus u = 0 (v = 0), we can always expand around some fixed value u = ufixed (likewise for
v), and obtain a power series expansion for the parameter u (likewise for v). Let us assume
that M,N are both even, and comment on the other possibilities later.
The extra rational point generically sits at Q : [s : y : z] = [−vN : 0 : vN/2] which is
the same as [−1 : 0 : −1] acting with the C∗ action of P2[2,3,1];14 this shows that Q is always
distinct from Z. As a further check, note that with the above choices the MP fibration can
be put into “conifold form” (simply because bMP6 turns into a perfect square for c0 = 0),
15
corresponding to the tranverse collision of AM−1 and AN−1 singularities, as expected from
e.g. [96]. Given the criterion of [76], in a compact setting we would interpret this fact as
saying that the F-theory model has an extra (massless) U(1) gauge symmetry.
Indeed, in the z 6= 0 patch of (6.5) (which does not contain the zero section Z but
contains Q), with the coefficients on the righthand side of (6.7) restricted as in (6.11), we
have
y2 − 1
4
b2c21 = s(s
2 + c2s+ c1c3)
14That is, we work in a patch where v 6= 0, (and where z 6= 0), which does not contain the zero section
but contains the new rational point Q.
15This situation is commonly referred to in the F-theory literature as U(1) restriction [72].
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(y − uM/2vN/2)(y + uM/2vN/2) = s(s2 + (1 + uMvN)s+ 2uMvN), (6.12)
which can be put into standard form x˜y˜ = u˜M v˜N by shifting back s 7→ x and applying an
analytic change of variables. The conifold form makes it easy to identify the extra generator
of the Mordell-Weil group (i.e. a new rational section) [76, 92]. Note also that in this
new presentation of the singularity, all appearance of “fractional powers” such as M/2 has
disappeared, as anticipated.
Taking stock of the above example, we see that in the geometry there is a manifest
SU(M) × SU(N) × U(1) flavor symmetry. This is in accord with the general unfolding of
IM+N to a pair of colliding IM and IN components of the discriminant. In group theory
terms, we also have the maximal subalgebra su(M +N) ⊃ su(M)× su(N)× u(1).
This also illustrates another general point that an F-theory model only tends to make
manifest a subset of the full flavor symmetries of the field theory. For example, the free
hypermultiplets in question clearly transform in the fundamental representation of U(M+N).
The “off-diagonal” terms of this symmetry are absent. Additionally, the overall center of
mass U(1) is not present in our analysis. In interacting 6D SCFTs, we expect this center of
mass U(1) to decouple, but that the other U(1) will persist.
Turning to the case where either M or N (or both) is odd, we expect on physical grounds
that the above analysis will still hold. Namely, one should be able to find identifications of the
form (6.11) which do not involve any roots, thus avoiding unwanted branch cuts in the local
model over C2. In fact, if one thinks of the A-type progenitors of (6.1) as an infinite family
as M,N grow large, the physics should not distinguish between the M,N and M + 1, N + 1
representatives. Starting from the case where M,N are both even, it is reasonable to expect
a global U(1) symmetry to be present in the odd case as well, with the would-be branch cuts
of uM/2, vN/2 simply appearing as an artifact of the chosen presentation. This is in accord
with the fact that in the local conifold presentation of the singularity, we saw that these
branch cuts eventually disappeared.16
6.3 M5-branes at A-type Singularities
Let us now turn to an F-theoretic analysis of the global U(1) symmetry for k M5-branes
probing an A-type singularity. We divide our discussion up into the generic case with three
or more M5-branes, and the special case with two M5-branes. The case of a single M5-brane
has already been covered in subsection 6.2.
In the case of k ≥ 2 M5-branes, the F-theory base is C2/Zk, and there are k−1 collapsing
curves of self-intersection −2. From our discussion of Weierstrass models on a singular base
16Alternatively, one may stick to the latter presentation and work in the double cover of the base branched
over u = 0 and v = 0, by setting u = U2 and v = V 2 (with a Z2 involution acting as U 7→ −U and V 7→ −V ).
Pulling back from C[u, v] to C[U, V ], one ends up with a representative of the extra rational point Q over
each copy of the base.
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and the transformation properties of f and g under the Zk group action, we observe that
each of the coefficients bi appearing in the shifted Weierstrass model must also be invariant
under the group action (see e.g. section 4 of reference [99] for the details). This in turn
restricts the power series expansion for each term:
bi(u, v) =
∑
a,b
(bi)a,bu
avb, i = 2, 4, 6; (6.13)
namely all terms are obtained from the Zk invariant monomials uv, uk and vk. From this, it
follows at once that the ansatz (6.9) corresponds to the tuned choice
(b2)0,0 = 1 , (b2)a,b = δa,Mδb,N , (6.14a)
(b4)0,0 = 0 , (b4)a,b = δa,Mδb,N , (6.14b)
(b6)0,0 = 0 , (b6)a,b = δa,Mδb,N , (6.14c)
for fixed M,N > 0, which is clearly compatible with the constraints of the Zk group action.
In particular, this means that all statements regarding the extra section and Q carry over
unchanged.
Our analysis applies equally well to the case of N = 2, as well as the case of k = 2. In
both limits, however, we have already seen several indications from our field theory analysis
that additional enhancements in the flavor symmetries are to be expected. We interpret this
to mean that the F-theory geometry only makes manifest a subset of all the symmetries.
For the case of k = 2, we can actually anticipate what we must do to produce this higher
enhancement. In this case, we have a single −2 curve which supports an IN fiber. There
are two marked points on this curve, indicating collisions with two distinct IN components
of the discriminant locus. If we consider the tuned limit where we move these two points on
top of each other, we observe that the fiber type from the “flavor branes” enhances to I2N ,
anticipating an SU(2N) flavor symmetry, which is the answer expected from our analysis of
section 3. In the limit where we collapse the −2 curve to zero size, we also see that we no
longer have a transverse intersection of two IN components of the discriminant locus. This
tuning is a special feature of having a single −2 curve.
The case of N = 2 is even more subtle in the corresponding geometry. In this case,
the tensor branch deformation consists of only su(2) gauge algebras. There is in this case
an enhancement in the global symmetry beyond SU(2)× SU(2)× U(1), which is in accord
with the fact that the geometry only tends to see a subset of possible flavor symmetries.
That being said, we see that for generic choices of N and k, the F-theory analysis correctly
predicts the global symmetries expected both from M-theory and from field theory.
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6.4 Small Instanton Probes of A-type Singularities
We now turn to the other class of A-type progenitor theories given by heterotic E8 small
instanton probes of A-type singularities. Again, we divide our discussion up into the generic
case where the A-type non-abelian flavor symmetry is SU(N) for N ≥ 3 and there are a
sufficient number of curves on the tensor branch, and less generic situations in which further
enhancements in the flavor symmetry are possible.
The Weierstrass model for this case is defined over a base B = C2 with f, g and ∆ given
by [18]:
f = −3u4(1− vN) , (6.15)
g = 2u5(u+ vm) , (6.16)
∆ = 108u10vN(3u2 − 3u2vN + u2v2N + 2uvm−N + v2m−N) . (6.17)
It corresponds to the collision of an IN fiber located at v = 0 against a II
∗ one at u = 0 for
generic positive m,N . We assume m ≥ N ≥ 1. In heterotic language, the number of mobile
small E8 instantons is given by k ≡ m−N .
To produce an F-theory model with fibers on curves in Kodaira-Tate form, we must
perform successive blowups of the base. This procedure is presented in reference [18] and is
also reviewed in reference [27]. The partial tensor branch is obtained by performing k blowups
in the base. Additional blowups (N of them) are necessary because of the intersection of
an IN fiber type with a II
∗ fiber type, which yields the full tensor branch. There are
three distinguished cases for the number of small instantons: k = 0, k = 1, and k ≥ 2.
Additionally, N ≥ 3 provides a generic A-type singularity whereas N = 2 leads to additional
enhancements in the flavor symmetry. From our field theory analysis we expect a U(1) global
symmetry to be there for generic N, k, but to be absent for generic N and k = 0, 1, as well
as for N = 2. See Appendix C for some additional details.
An important point in this class of examples is that for sufficiently low values of k, we can
obtain these same 6D SCFTs by starting with a global model in the E8×E8 heterotic string
and taking a suitable decoupling limit [10, 11, 100]. Observe, however, that in the heterotic
model on a compact, singular K3 surface, there is no U(1) symmetry; it does not descend
from the unbroken E8’s, and there are no isometries of the K3 surface. This illustrates that
although the local A-type singularity may possess such an isometry, coupling to gravity will
remove it. From this perspective, we ought not to expect our global U(1) symmetry to arise
from taking a decoupling limit of a gauged U(1) symmetry in a 6D supergravity model. In
this sense, the analysis of our local model for (6.2) in MP form need not work. We will see
that this expectation is borne out.
The local model can be engineered by taking
b2 = 3u
2, b4 =
3
2
u4vN , b6 = 3u
6vN + 2u5vm, (6.18)
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Figure 4: The k = 1 case of the (E8, SU(N)) collision.
which reconstruct the f, g polynomials of (6.15). If we insist on fitting this choice of b2, b4, b6
into a MP model, we always encounter branch cuts. For example, one may take
c0 = 0, c1 = u
2, c2 = 3u
2, c3 = 3u
2vN , (6.19)
which however requires the non-single-valued identification b2 = 4u(3uvN + 2vm). We have
tried multiple polynomial ansa¨tze for b, c0, . . . , c3 but all seem to involve an unwanted branch
cut in the local base.
Let us now turn to the special case where k = 1. From our field theory analysis, we expect
that in this case there is in fact an enhancement in the flavor symmetry factor SU(N)×U(1)
to SU(N + 1). On the partial tensor branch of this theory,
[E8]
su(N)
1 [SU(N)], (6.20)
we have a single −1 curve with IN fiber type. This curve is met by three distinct collisions
with the rest of the discriminant. First, there is the E8 locus. Second, we have a non-
compact component with IN fiber type. Third, there is another non-compact component
with I1 fiber type. By a suitable tuning of the Weierstrass model in this case, we observe
that the I1 and IN points can be merged to produce a single non-compact IN+1 component
of the discriminant. Note that in doing so, we no longer have a transverse intersection of
these two components of the discriminant; it is a special feature of the k = 1 case. See figure
4 for a depiction and Appendix C for a calculation, where this becomes more manifest in
the partial tensor branch resolution.
Consider next the case of k = 0, i.e. the case of (E8, SU(N)) conformal matter. We have
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Figure 5: The k = 0 case of the (E8, SU(N)) collision, also known as (E8, SU(N)) conformal
matter.
a full tensor branch description given by
[E8] 1
su(1)
2
su(2)
2 . . .
su(N−1)
2 [SU(N)]. (6.21)
In this case, the additional I1 locus 2u + u
2(3 − 3vN + v2N) + vm = 0 intersects the IN
locus v = 0 at two points, and the II∗ locus u = 0 at the origin, generating a decoupled
“SU(1) × SU(N)” bifundamental hypermultiplet (see figure 5). In Appendix C we indeed
show that in a partial resolution of the base, the extra I1 locus intersects only the IN locus.
In other words, there is a global U(1) which acts trivially on the Hilbert space of the SCFT
(since no matter is charged under it), hence the flavor symmetry at the fixed point is just
SU(N), as expected from the field theory analysis.
Lastly, consider the models obtained from taking N = 2. In this case, all of the tensor
branch gauge algebras are su(2), and a formal “su(1)” gauge algebra obtained from an I1
fiber over a compact −2 curve. In these cases, the expectation from field theory is that
there is a generic enhancement in the flavor symmetry, which is not visible in the F-theory
presentation of the model.
For completeness, let us briefly comment on some of the D- and E-type progenitor the-
ories, where we do not generically expect any U(1) factor in the flavor symmetry. As an
example, the local models for the theories of (6.1) with one M5-brane probing an E-type
singularity have local Weierstrass models [43, 71]:
(E6, E6) : y
2 = x3 + u4v4, (6.22)
(E7, E7) : y
2 = x3 + u3v3x, (6.23)
(E8, E8) : y
2 = x3 + u5v5. (6.24)
In the first and third case we have f = 0 identically, which implies b4 =
1
6
b22 and g =
− 1
27
b32 + b6. In the second case we have g = 0 identically, which implies b6 = − 227(b32− 9b2b4)
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and f = −1
3
b22 + 2b4. The constraints on b2, b4, b6 turn into constraints on b, c0, . . . , c3 given
the restrictions in (6.7). In either case, we find that any simple ansa¨tze respecting these
constraints would lead to branch cuts.
For the D-type, the progenitor of (6.2), i.e. (E8, SO(2N + 8)), reads [18]:
f = −3u4v2(1− vN) , (6.25)
g = 2u5v3(u+ vm) , (6.26)
∆ = 108u10v6+N(3u2 − 3u2vN + u2v2N + 2uvm−N + v2m−N) . (6.27)
Again, we find that any simple ansa¨tze respecting these constraints would lead to branch
cuts.
7 Conclusions
One of the important features of a quantum field theory is its flavor symmetries. In this
paper we have developed a general set of methods for extracting the global U(1) symmetries
of a 6D SCFT. At a broad level, all of the symmetries we have identified descend from a
small set of progenitor theories. Since all known 6D SCFTs originate from “fission moves”
on the progenitors followed by fusion operations on the resulting fission products, by and
large these U(1) symmetries have a common origin (excluding emergent U(1)’s). We have
also presented a general prescription for how to read off the U(1) symmetries for any 6D
SCFT using just the data available from its tensor branch. Lastly, we have shown that in the
F-theory description of progenitor theories for 6D SCFTs, there are two geometric origins for
such symmetries. One is the non-abelian flavor symmetry of a seven-brane. The other is the
appearance of an additional section in a non-compact model, as occurs in some progenitor
theories with an A-type flavor symmetry. In the remainder of this section we discuss some
further avenues of investigation.
In this paper we have presented a combination of bottom-up and top-down techniques for
extracting the global symmetries of a 6D SCFT, demonstrating agreement between various
different approaches. One interesting outcome of this analysis is that of the progenitor
theories, only some of the theories with an A-type global symmetry have an additional
generator of the Mordell-Weil group. What we have not undertaken here is a direct analysis
of the resulting elliptic threefolds obtained from fission and fusion of the progenitors. In
principle, the resulting U(1) symmetries we have identified via field theory may have a
geometric origin as additional generators of the Mordell-Weil group in the corresponding F-
theory models. It would be quite interesting to see whether the identification between Higgs
branch deformations of a 6D SCFT and complex structure deformations of a Calabi-Yau
could be used to establish a geometric origin of these symmetries as well.
It would also be interesting to analyze the fate of these U(1) symmetries in compactifica-
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tions to 5D SCFTs. If the non-abelian part of the 6D SCFT flavor symmetry is known, by
looking at triple intersection numbers among surfaces in the associated resolved Calabi-Yau
geometry, one can compute the total rank of the flavor symmetry, thus determining residual
abelian factors [101, 102]. This would provide a complementary approach compared with
directly analyzing the Mordell-Weil group of the associated F-theory model.
Indeed, with our improved understanding of how to determine U(1) symmetries in 6D
SCFTs, it is natural to ask about the fate of these symmetries upon compactification to
lower-dimensional quantum field theories. This is especially important in the context of 4D
N = 1 SCFTs where the infrared R-symmetry is typically a linear combination of the UV
R-symmetry and global U(1) symmetries [103]. It would be interesting to analyze this case,
as well as the sense in which compactification defines an RG flow from six to four dimensions
(see e.g. [104–107]).
The primary aim of this paper has been the analysis of continuous abelian global sym-
metries. Another important question in the study of 6D SCFTs is to determine possible
discrete global symmetries. This data can in principle be recovered by tracking the group
theoretic data associated with vevs triggering Higgs branch deformations. For example, a
large class of RG flows are triggered by operators vevs which are nilpotent in the flavor sym-
metry algebra. In the flavor symmetry group, these are associated with unipotent elements.
It would be interesting to see whether a more refined analysis is capable of tracking this
discrete data.
Along the same lines, it is natural to ask whether this information is encoded in the
structure of the tensor branch of a 6D SCFT. Doing so would likely also require a better
understanding of the gauge groups present there, rather than just the associated gauge
algebras. It also be instructive to track the geometric origin of such symmetries in the
associated F-theory model.
Finally, we have also discussed at a broad level the sense in which the symmetries of a 6D
SCFT are inherited from data of a progenitor theory. Given this, it is natural to ask about
the fate of other symmetries such as the R-symmetry of a 6D SCFT. This is broken along
the trajectory of an RG flow, but is recovered at an IR fixed point. It would be interesting
to see whether the techniques developed here could be adapted to this class of questions.
54
Acknowledgements
We thank M. Cveticˇ, M. Dierigl, and C. Lawrie for helpful discussions. We thank the 2019
Simons Summer workshop for hospitality during part of this work. The work of FA is
supported by the ERC Consolidator Grant number 682608 “Higgs bundles: Supersymmetric
Gauge Theories and Geometry (HIGGSBNDL)”. The work of MF is supported in part by
the European Unions Horizon 2020 research and innovation programme under the Marie
Skodowska-Curie grant agreement No. 754496 - FELLINI. The work of JJH is supported
by NSF CAREER grant PHY-1756996. The work of TR is supported by NSF grant PHY-
1911298 and the Roger Dashen Membership. FA, MF and TR thank the UPenn theory group
for hospitality during part of this work. MF also thanks the Technion and the Weizmann
Institute of Science for hospitality during part of this work.
A Anomaly Polynomials and U(1) Flavor Symmetries
In this Appendix we discuss some additional aspects of how abelian flavor symmetries can
contribute to the anomaly polynomial of a 6D SCFT. Recall that the anomalies of a 6D
SCFT are encoded in an anomaly 8-form I8. As discussed in [29], this anomaly polynomial
can be divided into two parts: a one-loop contribution (which can be computed on the tensor
branch), and a Green-Schwarz contribution:
Itot = I1-loop + IGS. (A.1)
The one-loop contribution is simply a sum of contributions from free tensor multiplets, vector
multiplets, hypermultiplets, and E-strings. These contributions are, respectively [29]:17
Itensor =
c2(R)
2
24
+
c2(R)p1(T )
48
+
23p1(T )
2 − 116p2(T )
5760
, (A.2)
Ivector = − TradjF
4 + 6c2(R) TradjF
2 + dGc2(R)
2
24
− TradjF
2 + dGc2(R)p1(T )
48
+
− dG7p1(T )
2 − 4p2(T )
5760
, (A.3)
Ihyper =
TrρF
4
24
+
TradjF
2p1(T )
48
+ dρ
7p1(T )
2 − 4p2(T )
5760
(A.4)
I
(1)
E-string =
13
24
c2(R)
2 − 11
48
c2(R)p1(T ) +
203
5760
p1(T )
2 − 29
1440
p2(T )− 1
4
c2(R) TrF
2
E8
+
+
1
16
p1(T ) TrF
2
E8
+
1
32
( TrF 2E8)
2. (A.5)
17Here, we present only the formula for a rank-1 E-string. The formula for a more general rank-k E-string
can be found in [29].
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Here, Trρ is the trace in the representation ρ, dρ is the dimension of the representation
ρ, and dG is the dimension of the group G. In computing the anomaly polynomial, one
should express the traces over arbitrary representations in terms of the trace in a defining
representation. For a given simple Lie algebra g, we can write
TrρF
4 = xρ TrF
4 + yρ( TrF
2)2 (A.6)
TrρF
3 = cρ TrF
3 (A.7)
TrρF
2 = Indρ TrF
2, (A.8)
with xρ, yρ, cρ, and Indρ known group theory constants. cρ here is defined as in Table
1, and throughout this paper the values of xρ, yρ, and Indρ agree with the conventions of
[26, 27, 29].18
The one-loop contributions to the anomaly polynomial generalize straightforwardly to
the case of a U(1) symmetry, whether gauge or global. For a gauge symmetry, we have
the contribution from a single vector multiplet with dG = 1. The vector multiplet does not
contribute to the gauge anomaly for the U(1) because, as opposed to the case of a non-
abelian gauge group, there are no W-bosons charged under the Cartan of a U(1). Thus we
have
I
U(1)
vector = −
c2(R)
2
24
− c2(R)p1(T )
48
− 7p1(T )
2 − 4p2(T )
5760
(A.9)
The case of a hypermultiplet is likewise analogous to the previous case. Consider a hyper-
multiplet in a representation R of some semi-simple, non-abelian lie algebra g (which could
be trivial, or a direct sum of simple lie algebras) with field strength P , which is also charged
under some combination of U(1)’s with field strengths Fi and associated charges qi. Then,
in (A.4), we have
TrρF
4 = TrRP
4 + 4 TrRP
3qiFi + 6 TrRP
2qiqjFiFj + qiqjqkqlFiFjFkFl (A.10)
TrρF
2 = TrRF
2 + qiqjFiFj. (A.11)
Here, the sum over repeated indices is implied, qiFi :=
∑
i qiFi. Note that we have not
included a TrRP term, as this necessarily vanishes for a semi-simple Lie algebra.
To compute the abelian contribution to the anomaly from an E-string, we suppose that
the E8 global symmetry of the E-string has been decomposed into a product of subgroups,
which may be either gauge or global, abelian or non-abelian:
E8 ⊃ G1 × ...×Gk. (A.12)
Then, we simply decompose terms in (A.5) involving the E8 field strength into a sum over
18In particular, note that Indfund = 1/2 for the fundamental of SU(N).
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the field strengths of the subgroups:
TrF 2E8 →
k∑
i=1
TrF 2Gk . (A.13)
Anomalies present at one-loop can be canceled via the Green-Schwarz mechanism. Note
that not every type of anomaly presents a problem for a 6D SCFT, however. We can sort
the terms in the anomaly polynomial according to the number of gauge currents / global
currents appearing in them. Terms of the form F 4gauge, with purely gauge anomalies, lead to
a sickness and must be canceled. Terms of the form F 3gaugeFglobal represent an ABJ anomaly,
which leads to a divergence in the global anomaly current and thus violates the putative
global symmetry. Terms of the form F 2gaugeF
2
global and FgaugeF
3
global are also forbidden in 6D
SCFTs but for a different reason: there is no multiplet in the 6D superconformal algebra that
would give rise to such terms [68, 108]. Finally, F 4global terms represent ’t Hooft anomalies,
which are benign and do not need to be canceled.
There is a unique Green-Schwarz mechanism available for canceling non-abelian gauge
anomalies in six dimensions, which was introduced in [50]. The Green-Schwarz contribution
to the anomaly polynomial takes the form
IGS =
1
2
ΩαβI
αIβ =
1
2
ΩαβIαIβ. (A.14)
Here, Ωαβ is the Dirac pairing on the string charge lattice, and indices are raised via the
inverse Ωαβ = (Ω−1)αβ. This comes from a term in the action of the form
ΩαβBα ∧ Iβ, (A.15)
with Bα a 2-form and Iβ a 4-form, whose non-abelian part was given in [52]:
Iα = h
∨
Gαc2(R) +
nα − 2
4
p1(T ) +
nα
4
TrF 2α −
1
4
∑
β∈nn
TrF 2β . (A.16)
Here, Gα is the gauge group associated with the αth tensor multiplet, Fα is its field strength,
h∨Gα is its dual Coxeter number, and nα := −Ωαα (indices not summed) is the αth string
charge. The expression “nn” refers to nearest neighbors in the corresponding intersection
pairing of curves.
For U(1) anomalies, the above anomaly cancelation mechanism is still valid, but there is
an additional Green-Schwarz mechanism available [59]: we may include in the action a term
of the form
C ∧X6, (A.17)
with X6 a 6-form and C a Stu¨ckelburg 0-form that couples to a U(1) gauge boson A
i
µ with
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a coupling of the form
(∂µC − Aµ)2. (A.18)
This leads to an anomaly polynomial contribution of the form
F ∧X6, (A.19)
which can be used to cancel any remaining abelian gauge anomalies. However, this comes at
a price: the Stu¨ckelburg mechanism gives a mass to the U(1) vector boson, thereby removing
the associated gauge symmetry [59]. Note that the anomaly involving the cube of a non-
abelian gauge field strength and the first power of an abelian field strength can only be
canceled by this latter Green-Schwarz mechanism. Such anomalies plague all would-be U(1)
gauge groups in 6D SCFTs, and as a result all abelian gauge groups are removed from the
low-energy theory on the tensor branch.
B U(1)’s from Group Theory
In this Appendix we review the analysis of U(1) symmetries expected from symmetry break-
ing patterns, and their associated group theoretic structures.
Two very large classes of 6D SCFTs are in one-to-one correspondence with two particular
classes of homomorphisms: namely, Hom(Γ, E8) and Hom(su(2), g), where Γ is a discrete
subgroup of SU(2) and g is a simple Lie algebra.
The relationship between 6D SCFTs and homomorphisms follows from their M/F-theory
constructions. Consider the progenitor theory of k M5-branes probing a C2/Γ orbifold sin-
gularity as well as an E8 wall. This theory is labeled by k and Γ as well as a flat connection
of E8 at the infinity of C2/Γ ' S3/Γ. These flat connections, and hence this class of 6D
SCFTs, are in one-to-one correspondence with Hom(Γ, E8).
Given a particular homomorphism ρ ∈ Hom(Γ, E8), we may consider the image ρ(Γ) in
E8. The elements of E8 that commute with ρ(Γ) form a group H known as the commutant
of the homomorphism ρ. This commutant subgroup H ⊂ E8 translates in field theory terms
to the global symmetry of the associated 6D SCFT.
More precisely, for Γ of D/E-type, the full global symmetry of the theory is given by
Gglobal = H ×GΓ, (B.1)
with GΓ the D/E-type Lie group associated with the discrete group Γ via the McKay corre-
spondence.
For Γ = ZN , N 6= 2, we instead have
Gglobal = H × SU(N)× U(1). (B.2)
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The extra U(1) factor is inherited from the progenitor theory, which is associated with the
isometry of the C2/Γ orbifold singularity, as discussed in section 2.
For Γ = Z2, the isometry enhances, and there is a further enhancement U(1)→ SU(2):
Gglobal = H × SU(2)× SU(2). (B.3)
Unfortunately, within the mathematics literature, the full set of homomorphisms and
their allowed commutants is only known for Γ = ZN [109] and Γ = SL(2, 5) [64, 110].
While the classification of the latter is very involved, the former can be labeled in a simple
combinatorial fashion in terms of the extended Dynkin diagram of E8. Namely, if we label
the nodes of this diagram as follows:
1 2 3 4 5 6 4′ 2′
3′
(B.4)
then homomorphisms ZN → E8 are in one-to-one correspondence with lists of nodes such
that the sum of the numbers of these nodes equals N , where any given node may be used
multiple times. For instance, for N = 4, we have the following choices of nodes:
1 + 1 + 1 + 1, 1 + 1 + 2, 1 + 1 + 2′, 1 + 3, 1 + 3′, 2 + 2, 2 + 2′, 2′ + 2′, 4, 4′. (B.5)
The commutant H of the homomorphism is then given simply by the diagram remaining after
deleting the corresponding nodes from the affine E8 Dynkin diagram, with additional U(1)’s
added as necessary to ensure that the rank of the commutant is always 8. For instance, we
have
1 + 1 + 1 + 1 ↔
2 3 4 5 6 4′ 2′
3′
↔ H = E8
1 + 1 + 2′ ↔
2 3 4 5 6 4′
3′
↔ H = [SO(14)× U(1)]
1 + 3 ↔
2 4 5 6 4′ 2′
3′
↔ H = E6 × SU(2)× U(1)
In the remainder of the cases, GΓ 6= SU(N), E8, the match with 6D SCFTs has been used
previously to give the first conjectured classification of Hom(Γ, E8) [64]. While this is an
exciting application of M-theory to pure mathematics, the lack of mathematical literature
on the topic somewhat limits our ability to learn new properties of 6D SCFTs from this
59
correspondence.
Fortunately, the other class of homomorphisms, Hom(su(2), g), is much more familiar to
mathematicians, as these homomorphisms are in one-to-one correspondence with nilpotent
orbits of g. This permits us to use the vast body of mathematical literature on nilpotent
orbits to learn about global symmetries and RG flows of 6D SCFTs [37, 43, 45, 111].
While nilpotent orbits of all simple Lie algebras have been classified, they are simplest to
describe in the case of the classical algebras, su(N), so(N), and sp(N). For su(N), nilpotent
orbits are labeled simply by partitions of N . For so(N), they are labeled by partitions of N
subject to the constraint that each even number must appear an even number of times. For
sp(N), they are labeled by partitions of 2N subject to the constraint that any odd number
must appear an even number of times. The commutant subalgebra h ⊂ g left unbroken by the
nilpotent orbit is then given in terms of the partition. Given a partition µ = [µd11 , µ
d2
2 , µ
d3
3 , ...]
in which the entry µi has multiplicity di, the commutant is given by
su : h = s
(
⊕
i
u(di)
)
(B.6)
so : h = ⊕
i odd
so (di)⊕ ⊕
i even
sp (di/2) (B.7)
sp : h = ⊕
i even
so (di)⊕ ⊕
i odd
sp (di/2) , (B.8)
where in the above “i odd” or “i even” is shorthand for indicating that µi is odd or even,
respectively.
For instance, for g = su(4), there are five nilpotent orbits, labeled by the partitions
µ = [14], [2, 12], [22], [3, 1], and [4]. The associated commutator subalgebras are given by
su(4), su(2)× u(1), su(2), u(1), and the trivial subalgebra, respectively.
In F-theory, these homomorphisms arise as “T-brane” data for two intersecting stacks
of seven-branes probing a C2/ZN singularity (for a partial list of references to the T-brane
literature, see references [37, 39, 44, 91, 107, 112–131]). In particular, we can turn on
T-brane data for either stack of seven-branes, resulting in a theory labeled by a pair of
homomorphisms ρ1, ρ2 ∈ Hom(su(2), g).
Once again, the global symmetry of a given theory is related to the commutant H of a
given homomorphism inside G. In this case, since a theory is labeled by two homomorphisms
ρ1, ρ2, its global symmetry will be determined by the respective commutants H1, H2. In
particular, for g of D/E-type, the global symmetry is given by
Gglobal = H1 ×H2. (B.9)
For g = su(N), there is an additional U(1) factor, inherited from the isometry of the C2/ZN
orbifold of the progenitor theory (see section 2):
Gglobal = H1 ×H2 × U(1). (B.10)
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For g = su(2), the isometry of the progenitor enhances, so the global U(1) enhances to SU(2)
Gglobal = H1 ×H2 × SU(2). (B.11)
The tensor branch descriptions of 6D SCFTs corresponding to Hom(Γ, E8) have been
studied in [5, 39, 43, 45, 63, 64], while the tensor branch descriptions of 6D SCFTs corre-
sponding to Hom(su(2), g) have been studied in [37, 39, 43, 46, 111]. From these descriptions,
we can use the match between 6D SCFTs and homomorphisms as a sort of “Rosetta Stone”:
U(1) symmetries appearing in the commutant H of a given homomorphism translate into
U(1) symmetries of the SCFT quiver, which allows us to verify the field theory rules for U(1)
symmetries in an SCFT quiver.
C Resolution of A-type Progenitor Geometries
In this Appendix we determine the tensor branch associated with heterotic E8 small instanton
probes of A-type singularities. In particular, we focus on the role of the I1 component of the
discriminant locus in the associated F-theory model.
In order to understand the meaning of the additional I1 component of the discriminant
(6.15), we need to resolve the base. This introduces additional P1’s, in particular we review
the results of [18] with particular focus on the I1, see also [27, 127] for similar computations.
For convenience, let us repeat the coefficients of the relevant Weierstrass model:
f = −3u4(1− vN), (C.1)
g = 2u5(u+ vm), (C.2)
∆ = 108u10vN(3u2 − 3u2vN + u2v2N + 2uvm−N + v2m−N). (C.3)
The resolution procedure is locally implemented by the following shift
Patch 1 : {u 7→ u, v 7→ ζu, y 7→ u3y, x 7→ u2x, f 7→ u4f, g 7→ u6g} (C.4)
Patch 2 : {u 7→ ηv, v 7→ v, y 7→ v3y, x 7→ v2x, f 7→ v4f, g 7→ v6g}
where [ζ : η] are the homogeneous coordinates of the resolution P1, such that
ζ =
1
η
. (C.5)
As usual, x, y are fiber coordinates in the (local) Weierstrass model.
In order to understand the fate of the I1 locus in the discriminant of equation (C.3),
I1 : (3u
2 − 3u2vN + u2v2N + 2uvm−N + v2m−N), (C.6)
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we look at some explicit examples. Let us start with k = m−N = 0. We then apply (C.4).
The first blowup of the model is
P1 : f1 = −3(1− uNζN1 ), g1 = 2(1 + uN−1ζN1 ), (C.7)
∆1 = 108u
N−1ζN1 (2 + 3u+ u
N−1ζN1 (1− 3u2 + uN+2ζN1 ))
P2 : f2 = −3η41(1− vN), g2 = 2η51(η1 + vN−1),
∆2 = 108v
N−1η101 (v
N−1 + 2η1 + η21v(3− 3vN + v2N)),
where P1 and P2 denote the two patches. We note that ∆1 = 0 when ζ1 = 0 and u 6= 0, in
agreement with the interpretation that the extra I1 locus leads to a decoupled SU(N)×SU(1)
hypermultiplet in the k = 0 case, which was proposed in section 6.4. Moreover, the I1
component also intersects the resolution at η1 = v = 0, however this locus needs to be
blown up again since the (f2, g2,∆2) vanish with degree higher than (4, 6, 12) (non-minimal
singularity). If we perform a full blowup of the base,
P1 : f1 = −3(1− uNζN1 ), g1 = 2(1 + uN−1ζN1 ), (C.8)
∆1 = 108u
N−1ζN1 (2 + 3u+ u
N−1ζN1 (1− 3u2 + uN+2ζN1 ))
P(i + 1) : fi = −3(1− ζNi+1ζNi ), gi = 2(1 + ζN−ii+1 ηN−1−ii ),
∆i = 108ζ
N−i
i+1 η
N−i−1
i (2 + 3ζ
i
i+1η
i+1
i − 3ζN+ii+1 ηN+i+1i + ζN−ii+1 ηN−i−1i + ζ2N+ii+1 η2N+i+1i )
1 ≤ i ≤ N − 2
PN : fN = −3η4N(1− vN), gN = 2η5N(1 + ηN),
∆2 = 108η
10
N (1 + 2ηN + η
2
Nv(3− 3vN + v2N)),
we notice that the only other intersection point of the I1 with the resolved base is on the
“last” P1, which has self-intersection (−1) and no gauge fiber enhancement; this however
does not lead to any additional charged matter.
Let us now analyze the k = 1, m = n+ 1, case. The first blowup follows from (C.4), and
it reads
P1 : f1 = −3(1− uNζN1 ), g1 = 2(1 + uNζN+11 ), (C.9)
∆1 = 108u
NζN1 (2 + 3ζ1 + u
NζN1 (−3 + ζ21 + uNζN1 ));
P2 : f2 = −3η41(1− vN), g2 = 2η51(η1 + vN),
∆2 = 108v
Nη101 (v
N + 2η1 + η
2
1(3− 3vN + v2N)).
∆1 = 0 when u = 0 and ζ1 6= 0. This implies that ∆2 in the second patch is meaningful. We
then blow up the non-minimal singularity in P2, and we obtain
P2 : f2 = −3(1− ζN2 ηN1 ), g2 = 2(1 + ζN2 ηN−11 ), (C.10)
∆2 = 108ζ
N
2 η
N−1
1 (2 + 3η1 + ζ
N
2 η
N−1
1 (1− 3η21 + ζN2 ηN+21 ))
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P3 : f3 = −3η42(1− vN), g3 = 2η52(η2 + vN−1),
∆3 = 108v
N−1η102 (v
N−1 + 2η2 + η22v(3− 3vN + v2N)).
We observe that ∆2 = 0 if ζ2 = 0 and η1 =
1
ζ1
6= 0. Therefore the I1 locus intersects the
first resolution P1, as stated in section 6.4. Again, we have seen that in order to understand
how the I1 locus interacts with the SCFT, we needed to blow up twice. The I1 locus still
contains v = η2 = 0, but this point is still a non-minimal singularity. For this reason we
need to apply sequentially the resolution procedure of line (C.4). We will show in (C.12)
that the I1 will still meet the “last” self-intersection (−1) P1, but this intersection does not
carry any nontrivial extra matter.
At last we analyze one more example, i.e k > 1. For simplicity we consider k = 2, but
the argument will straightforwardly generalize to higher k. We repeat the previous strategy
where we sequentially blow up the base. In order to see how the I1 locus behaves we have
to blow up k + 1 times. In this case we perform three blowups, and we get:
P1 : f1 = −3(1− uNζN1 ), g1 = 2(1 + uNζN+11 ), (C.11)
∆1 = 108u
NζN1 (2 + 3uζ
2
1 + u
NζN1 (−3 + ζ41u2 + uNζN1 ));
P2 : f2 = −3(1− ζN2 ηN1 ), g2 = 2(1 + ζN+12 ηN1 ),
∆2 = 108ζ
N
2 η
N
1 (3 + 2ζ2 + ζ
N
2 η
N
1 (−3 + ζ22ηN1 + ζN2 ηN1 ));
P3 : f3 = −3(1− ζN3 ηN2 ), g3 = 2(1 + ζN3 ηN−11 ),
∆3 = 108ζ
N
3 η
N−1
2 (2 + 3η2 + ζ
N
3 η
N−1
2 (1− 3η22 + ζN3 ηN+22 ));
P4 : f4 = −3η43(1− vN), g4 = 2η53(η3 + vN−1),
∆4 = 108v
N−1η103 (v
N−1 + 2η3 + η23v(3− 3vN + v2N)).
The I1 locus intersects at η1 = 0, ζ3 = 0, η2 =
1
ζ2
6= 0, which means that it meets the second
resolution P1.
For generic k the I1 locus intersects at the k-th resolution P1, see also [18, Fig. 7]. This
becomes manifest when we fully resolve the base for k > 0,
P1 : f1 = −3(1− uNζN1 ), g1 = 2(1 + uk+N−1ζN1 ), (C.12)
∆1 = 108u
NζN1 (3 + 2ζ
k
1u
k−1 + u2k+N−2ζ2k+N1 − 3uNζN1 + u2Nζ2N1 )
P(i + 1) : fi = −3(1− ζNi+1ζNi ), gi = 2(1 + ζN+k−ii+1 ηN+k−1−ii ),
∆i = 108ζ
N
i+1η
N
i (3 + 2ζ
k−i
i+1 η
k−1−i
i + ζ
2k+N−2i
i+1 η
2k+N−2−2i
i + ζ
N
i+1η
N
i (−3 + ζNi+1ηNi ))
1 ≤ i ≤ k − 2
P(k + i + 1) : fk+i = −3(1− ζNk+i+1ζNk+i), gi = 2(1 + ζN−ik+i+1ηN−1−ik+i ),
∆i = 108ζ
N−i
k+i+1η
N−i−1
k+i (2 + 3ζ
i
k+i+1η
i+1
k+i − 3ζN+ik+i+1ηN+i+1k+i + ζN−ik+i+1ηN−i−1k+i +
+ ζ2N+ik+i+1η
2N+i+1
k+i ) 1 ≤ i ≤ N − 2
P(N + k) : fk+N = −3η4k+N(1− vN), gk+N = 2η5k+N(1 + ηk+N),
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∆k+N = 108η
10
k+N(1 + 2ηk+N + η
2
k+Nv(3− 3vN + v2N)),
Similarly to k = 0, the I1 meets the (self-intersection −1) curve, but this does not add any
matter to the SCFT spectrum.
What we have seen admits a dual interpretation in the Type IIA brane configurations
of [20, 21, 23, 25, 26], namely the extra I1 corresponds to a single D8-brane intersecting N
D6-branes.
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